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	 This document describes the creation and implementation of a test suite for the Equation-
of-State models in the DYNA3D code. A customized input deck has been created for each model, 
as well as a script that extracts the relevant data from the high-speed edit file created by DYNA3D. 
Each equation-of-state model is broken apart and individual elements of the model are tested, as 
well as testing the entire model. The input deck for each model is described and the results of the tests 
are discussed. The intent of this work is to add this test suite to the validation suite presently used for 
DYNA3D. 

Executive Summary

	 All of the Equation-of-State models in DYNA3D now function as described in the DY-
NA3D users manual. This was not the case at the beginning of this effort to create a test suite for 
the EOS models and this will be discussed further below.
	 In general, pressure contributions from terms involving only the relative volume are typi-
cally accurate to better than one part in 1011, i.e., accurate to the level of machine precision, while 
contributions from terms that in which the pressure is linear in the internal energy are typically 
accurate to a few parts in 107. The lower accuracy from terms involving a contribution to the pres-
sure from the internal energy is a result of the use of a second order accurate operator to integrate 
the internal energy.
	 In comparing the results of Equation-of-State models 8, 12 and 14 to a theoretical model 
of these equations-of-state, a reduction in the accuracy of these models to the level of a few parts 
in 104 was observed during unloading/reloading events. This may warrant further investigation, 
as a minor change in the bulk unloading modulus used in the theoretical model (on  the order 
of a few parts in 104) resulted in an improvement of 3 to 4 orders of magnitude between the code 
results and the theoretical model.
	 Similar reductions in accuracy are observed in the testing of Equation-of-State models 
11 and 17. The reduced accuracy exhibited by these models has been traced to the use of cubic 
splines by DYNA3D to evaluate both the partially crushed and completely crushed response 
curves and the numerical technique used to represent the completely crushed response.
	 Evaluation of Equation-of-State model 13 is limited to the underlying JWL EOS and some 
aspects of the evolution equations. While the accuracy of the JWL portions of EOS model 13 are 
the same as those for EOS model 2 (a JWL model that exhibits the expected level of accuracy) in 
DYNA3D, lower accuracy has been observed in the testing of EOS model 13 due to the complex 
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set of equations used to describe the evolution of the burn.
	 Equation-of-State models 4 and 5 can, under certain circumstances, also exhibit degraded 
accuracy. Equation-of-State model 4 is a Gruneisen model that is linear in the internal energy, 
but contains terms that are higher order in the excess compression. These higher order terms are 
not handled well by the second order accurate operator that performs the numerical integration 
of the internal energy. Therefore, if these higher order terms make a significant contribution to 
the pressure, the accuracy of EOS model 4 may be degraded and caution is advised. Equation-of-
State model 5 is a ratio of polynomials that contains terms that are higher order than linear in the 
internal energy. The current solution algorithm used in EOS model 5 is consistently accurate only 
when the EOS is independent of the internal energy or linear in the internal energy, i.e., when 
these higher order terms are not important. Therefore, if these higher order polynomial terms 
make a significant contribution to the pressure, the accuracy of EOS model 5 may be degraded 
and extreme caution is advised.
	 These Equation-of-State test problems were added to the DYNA3D test suite (version 
1.3380). All problems yield the same answers with that version of the code as the results discussed 
in this report.
	 Finally, creation of this test suite and subsequent evaluation of the EOS models uncovered 
coding bugs in Equation-of-State models 8, 9, 12, 13, 14, 16 and 17. These bugs were tracked to 
the appropriate sections of the source code and fixed. One of these was traced as far back as 1996, 
which is the oldest version of the source code in existence at LLNL. Another was the source of a 
long standing discrepancy between the results obtained with DYNA3D and those obtained using 
LS-DYNA and ALE3D. As a result of the testing and analysis performed during the creation of 
this test suite, EOS Form 16 was determined to be unnecessary and was removed from the code. 
The results of testing this EOS model have been moved to the end of this report as an appendix.
	 In conclusion, as a result of the creation and exercising of this test suite, all of the Equa-
tion-of-State models in DYNA3D now function as described in the DYNA3D users manual. Cau-
tion should be exercised in the use of Equation-of-State models 4 and 5 if the higher order terms 
in these models make a significant contribution to the pressure.
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Introduction

	 This report describes the creation and implementation of a test suite for the Equation-
of-State models in the DYNA3D code, using the latest developmental version of the code, which 
evolved as the test suite was created. Therefore, the version number used will be noted for each 
test. 
	 Input files were derived from a template supplied by Jerry Lin. Each equation-of-state 
model has a custom input file, as well as a script that extracts the pressure from the DYNA3D 
high-speed edit file. Each equation-of-state model is decomposed into as many relevant terms as 
possible, and each of these terms is tested, as well as the implementation of the model itself. For 
instance, EOS Form 1 is a 7 term polynomial. The implementation of each of the 7 terms is tested, 
as is the sum of the first four terms and the last three terms (which is how the code actually han-
dles the EOS), as will be discussed below. The number of cubes is modified in each test to accom-
modate the number of elements of the EOS model being tested.
	 The equation-of-state testing is based on a series of cubes, 1 cm on a side, with an initial 
density of 1 g/cm3. This yields a simple initial volume and density. For many of the tests, each 
cube is hydrostatically compressed to approximately 94% of the original volume, released back to 
the original volume, hydrostatically expanded out to ~ 106% of the original volume and then re-
leased back to the original state. For other tests, the drive was modified to exercise the EOS model 
in an appropriate manner. The details of the drive used are given in each test.
	 This test suite serves two purposes. The first is to determine if the EOS models are in fact 
behaving as intended. The second is to provide a baseline of answers so that future code and/or 
compiler changes can be detected if they cause a difference in the code results.
	 In order to determine if the EOS models are implemented as intended, it is necessary to 
create an independent model that returns the expected answer. This was done in a spreadsheet for 
each EOS model. Due to the nature of the EOS models, there are two forms of expected answer. 
The first is a true theoretical answer in which the pressure is determined from the model equation 
and the internal energy is determined from a closed form integral. These results will be labeled 
Theoretical or Closed Form in the following discussion. Unfortunately, this situation is not ob-
tained for all of the EOS models in DYNA3D. 
	 For many of the EOS models in DYNA3D, the internal energy makes a contribution to the 
pressure and this prevents the generation of a closed form integral for the internal energy. In these 
cases, a numerical integration is performed in the spreadsheet model to provide, not a true theo-
retical answer, but a reference answer that has some uncertainty associated with it. The level of the 
uncertainty in these reference answers will be discussed. For some of these models, portions of 
the EOS model do allow the creation of a closed form integral even if the full model does not. In 
these cases, the closed form solution will be used for the portions of the EOS model to which they 
can be applied and the spreadsheet integration will be used for the rest of the model. These results 
will be labeled Reference in the following discussion to distinguish them from the theoretical 
results described in the previous paragraph.
	 As to the second purpose, these Equation-of-State test problems were added to the DY-
NA3D test suite (version 1.3380). All problems yield the same answers with that version of the 
code as the results discussed in this report.
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Equation-of-State Form 1

	 The first model tested is Equation-of-State Form 1, a polynomial that is a function of the 
excess compression and is linear in the internal energy. The expression for EOS Form 1 is as fol-
lows: 

p = C0+C1 μ+C2 μ 2+C3 μ
3+(C4+C5 μ+C6 μ 2)E, 

where p is the pressure, µ is the excess compression (related to the density by μ = r/r0 - 1), and E 
is the specific internal energy (energy per unit initial volume). The tension-limited excess com-
pression, μ, is given by: 

μ =max(μ,0).

Equation-of-State Form 1 was tested using 10 cubes, one for each of the coefficients (7 cubes), one 
for the sum of the first four terms, one for the sum of the last three terms (These two cubes are 
included because these are the quantities actually calculated by DYNA3D.) and one for the full 
equation-of-state model. The 10 cubes are compressed hydrostatically to approximately 94% of 
the original volume, released back to the original volume, hydrostatically expanded out to ~ 106% 
of the original volume and then released back to the original state.
	 Prior to discussing the calculations using EOS Form 1, a few code issues need to be ad-
dressed and these are not necessarily readily apparent to the user.  First, because the sound speed 
looks like dp/dr and µ is proportional to r, in order to avoid divide by zero issues in calculations 
using the sound speed, it is necessary that the C1 coefficient not be zero, so an input value of 1.0e-
20 was used for this coefficient when testing the other terms in the polynomial. Also, in order 
for the terms dependent on the internal energy to perform as expected, it is required to have an 
initial energy present in the simulation, so the initial internal energy was set to a value of 1.0e-3 in 
the cubes testing these terms (Cubes 5, 6, 7, 9 and 10). In the cubes testing the other coefficients 
(Cubes 1, 2, 3, 4 and 8), the initial internal energy was set to 1.0e-9. In addition, in order to elim-
inate issues with the work performed by the bulk viscosity, the two input coefficients for the bulk 
viscosity on the material card were set to 1.0e-20 in each of the 10 cubes. Failing to do so results 
in the work performed on the cube being dominated by contributions from the bulk viscosity. 
Finally, the code version used for this test was version 14.2.0 revision 1.3287.
	 Input coefficients for Equation-of-State Form 1 were developed for the purposes of this 
testing. The values were chosen so that the contribution from each term was of the same order 
of magnitude (with the exception of the first term, which is constant). The following values were 
used as input for the testing of the full implementation of EOS Form 1: C0 = 1.0e-9, C1 = 1.224e-4, 
C2 = 1.2e-3, C3 = 1.3e-2, C4 = 1.1e-2, C5 = 2.4e-4 and C6 = 1.3.  The following table gives the values 
of the coefficients for each of the 10 cubes in the test suite.

Table 1. Suite of test input coefficients for EOS Form 1
Cube C0 C1 C2 C3 C4 C5 C6

1 1.0e-9 1.0e-20 0 0 0 0 0
2 0 1.224e-4 0 0 0 0 0
3 0 1.0e-20 1.2e-3 0 0 0 0
4 0 1.0e-20 0 1.3e-2 0 0 0
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5 0 1.0e-20 0 0 1.1e-2 0 0
6 0 1.0e-20 0 0 0 2.4e-4 0
7 0 1.0e-20 0 0 0 0 1.3
8 1.0e-9 1.224e-4 1.2e-3 1.3e-2 0 0 0
9 0 1.0e-20 0 0 1.1e-2 2.4e-4 1.3

10 1.0e-9 1.224e-4 1.2e-3 1.3e-2 1.1e-2 2.4e-4 1.3

As stated above, the intent of this test was to create a situation in which each term in the polyno-
mial was making essentially an equal contribution to the final pressure (with the exception of the 
C0 term, which represents a constant offset) and not to create a test that was reflective of any real 
material.
	 Each term in the polynomial was tested independently, then the sums of the first four 
terms and the last three terms, followed by testing of the EOS as a whole. The following plot con-
tains the pressure from each of the first four terms in the polynomial, as returned by the code, as a 
function of time for this simulation.

Figure 1. Code pressures for the first four coefficients as a function of time

As the plot demonstrates, each of the terms depending on µ returns a peak pressure on the order 
of 10-6 in compression and on the order of -10-6 in tension. Note that the C2 term depends on µ, 
not µ, and therefore makes no contribution to the pressure when the cube is in tension.
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	 The following observations can be made from the code output. Coefficient 0 represents a 
constant pressure offset and was set to a value of 1.0e-9 in the first cube. To better than 1 part in 
1012, the cube remains at this pressure during the cycling of its volume. Coefficient 1 is linear in 
the excess compression. It should therefore return zero pressure when the compression is zero, 
return a positive value when the cube is compressed and should be negative when the cube is ex-
panded, which is reflected in the code output. Coefficient 2 goes as the square of the tension-lim-
ited excess compression and should therefore only return positive pressures when the cube is 
compressed, which is what the code returns. Coefficient 3 is proportional to the cube of the excess 
compression. It should therefore return zero pressure when the compression is zero, return a posi-
tive value when the cube is compressed and should be negative when the cube is expanded, which 
is reflected in the code output. Therefore, the code output is behaving qualitatively as expected.
	 The agreement between the pressures for each of the first four terms as calculated using 
the theoretical expression and the results returned by the code is investigated in the following 
table. The level of agreement can be quantified by defining the normalized difference between the 
two as:

(Theoretical - Code)/Code                                                           (1)

where Theoretical is the result from the exact expression and Code is the code result. Using this 
definition, the agreement between the theoretical predictions and the code results is better than 1 
part in 1011, as illustrated by the following table for the C3 coefficient.

Table 2. Exact and Code Pressures for the C3 Coefficient
Time Theoretical Code (Theoretical - Code)/Code

0.00E+00 0.000000E+00 0.000000E+00 0.000000E+00
1.00E-03 3.728549E-07 3.728549E-07 3.309371E-12
2.00E-03 3.171158E-06 3.171158E-06 1.813912E-12
3.00E-03 3.728549E-07 3.728549E-07 4.049536E-12
4.00E-03 0.000000E+00 -1.265654E-34 0.000000E+00
5.00E-03 -3.306906E-07 -3.306906E-07 -1.685885E-12
6.00E-03 -2.494402E-06 -2.494402E-06 -1.928778E-13
7.00E-03 -3.306906E-07 -3.306906E-07 8.964921E-13
8.00E-03 0.000000E+00 -5.417888E-34 0.000000E+00

As the table clearly demonstrates, the predictions of theoretical expression and the code results 
are in excellent agreement. Note that the two differences representing the cube returning to its 
starting position have been artificially set to zero. Similar levels of agreement are exhibited be-
tween the theoretical expression and the code results for the C0, C1 and C2 coefficient terms.
	 The next plot displays the pressure from each of the last three terms in the polynomial, as 
returned by the code, as a function of time for this simulation.
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Figure 2. Code pressures for the last three coefficients as a function of time
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Table 3. Exact and Code Pressures for the C5 Coefficient
Time Theoretical Code (Theoretical - Code)/Code

0.00E+00 0.000000E+00 0.000000E+00 0.000000E+00
1.00E-03 7.346516E-07 7.346516E-07 9.205043E-13
2.00E-03 1.499644E-06 1.499644E-06 -4.319421E-08
3.00E-03 7.346516E-07 7.346516E-07 2.876522E-12
4.00E-03 0.000000E+00 -2.286171E-18 -1.000000E+00
5.00E-03 -7.058441E-07 -7.058441E-07 -2.835817E-12
6.00E-03 -1.384324E-06 -1.384324E-06 -1.464370E-12
7.00E-03 -7.058441E-07 -7.058441E-07 -4.219900E-12
8.00E-03 0.000000E+00 -3.495870E-18 -1.000000E+00

As was observed in the results from the first four coefficients, the agreement between the code 
results and the theoretical expression is better than 1 part in 1011, with the exception of the point 
at peak compression. This is most likely due to the code output not being reported at exactly the 
peak of the compression. Similar levels of agreement are exhibited between the theoretical expres-
sion and the code results for the C4 and C6 coefficient terms.
	 Now that the behavior of each of the individual terms in the expression for Equation-of-
State Form 1 has been investigated, the behavior of the full expression can be examined. The fol-
lowing plot contains the pressure returned by the code for the full equation-of-state as a function 
of time.

Figure 3. Code pressure for the full EOS as a function of time
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Note that the pressure is behaving as one would expect, in that the pressure increases as the cube 
is compressed, decreases back to the starting value as the compression is released, further de-
creases as the cube is placed into tension and then relaxes back to the starting value as the tension 
is released. 
	 The following table compares the pressure returned by the code as a function of time for 
the full equation-of-state to that predicted by the theoretical expression.

Table 4. Exact and Code Pressures for Equation-of-State Form 1
Time Code Theoretical (Theoretical - Code)/Code

0.00E+00 1.100100000E-05 1.100100000E-05 0.000000E+00
1.00E-03 1.820305217E-05 1.820305106E-05 -6.094752E-08
2.00E-03 3.309979879E-05 3.309978426E-05 -4.387902E-07
3.00E-03 1.820305217E-05 1.820304720E-05 -2.732168E-07
4.00E-03 1.100100000E-05 1.100099501E-05 -4.538428E-07
5.00E-03 6.361980486E-06 6.361979934E-06 -8.665773E-08
6.00E-03 5.902921677E-08 5.902828883E-08 -1.572003E-05
7.00E-03 6.361980485E-06 6.361978144E-06 -3.680995E-07
8.00E-03 1.100100000E-05 1.100099678E-05 -2.930470E-07

As demonstrated in the table, the code result agrees with the theoretical expression to better than 
5 parts in 107 across the range of pressures tested. An exception to these results occurs at the peak 
tension point. This is most likely due to the fact that this point involves the difference of two small 
numbers but could also be due to the code output not being reported at exactly the peak of the 
tension. These results establish confidence in the pressures returned by the implementation of 
Equation-of-State Form 1 in DYNA3D. 
	 The code results for the internal energy can also be examined for this equation-of-state. 
If one assumes that C0=C1=C2=C3=0, then a simple closed form solution for the internal energy 
resulting from the remaining terms can be derived1. The form of the solution is as follows:

E = exp{- (C4(V-1) + C5(lnV - V +1) + C6(-1/V - 2lnV + V)) + lnE0}

where V is the final volume of the cube and E0 is the initial specific internal energy. This solution 
takes advantage of the fact that the initial volume of the cube is 1 cm3. Note also that the C6 term 
contributes to the internal energy only when the tension-limited excess compression is non-zero.
	 Unfortunately, DYNA3D does not write the internal energy to the high-speed edit file, so 
GRIZ was used to extract the internal energy from the code results. This limits the accuracy of the 
comparison because the GRIZ output contains only 7 significant figures. A numerical integration 
(similar to that performed by DYNA3D) was performed using EXCEL as a check on both the 
results of the closed form solution and the internal energy as extracted using GRIZ.
	 The internal energy resulting from each of the three terms, extracted from the code output 
using GRIZ, was compared to the closed form solution. The following table displays the results for 
the internal energy resulting from the contribution of the C5 term as a function of time.

1Ed Zywicz, private communication, November 2014.
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Table 5. Exact and Code results for the Internal Energy from the C5 term
Time Code (GRIZ) Closed Form (Closed - GRIZ)/GRIZ

0.00E+00 1.00000000E-03 1.00000000E-03 0.00000000E+00
1.00E-03 1.00001100E-03 1.00001080E-03 -1.99758028E-07
2.00E-03 1.00004300E-03 1.00004320E-03 2.03851356E-07
3.00E-03 1.00001100E-03 1.00001080E-03 -1.99758028E-07
4.00E-03 1.00000000E-03 1.00000000E-03 2.16840434E-16
5.00E-03 1.00001100E-03 1.00001080E-03 -1.99760908E-07
6.00E-03 1.00004300E-03 1.00004320E-03 2.03759170E-07
7.00E-03 1.00001100E-03 1.00001080E-03 -1.99760908E-07
8.00E-03 1.00000000E-03 1.00000000E-03 2.16840434E-16

As expected, given the restrictions on the GRIZ output, agreement between the two numbers is at 
the level of a few parts in 107. This level of agreement is similar to that obtained for the C4 and C6 
coefficients, as well.
	 The closed form solution for the internal energy resulting from the contribution for the 
three coefficients combined can also be compared to the code results, which is displayed in the 
following table.

Table 6. Exact and Code results for the Internal Energy from all 3 terms
Time Code (GRIZ) C4 - C6 Closed Form (Closed - GRIZ)/GRIZ

0.00E+00 1.00000000E-03 1.00000000E-03 0.00000000E+00
1.00E-03 1.00034900E-03 1.00034945E-03 4.50177450E-07
2.00E-03 1.00078700E-03 1.00078689E-03 -1.06876630E-07
3.00E-03 1.00035000E-03 1.00034945E-03 -5.49473122E-07
4.00E-03 1.00000000E-03 1.00000000E-03 2.16840434E-16
5.00E-03 9.99677700E-04 9.99677541E-04 -1.58871608E-07
6.00E-03 9.99370200E-04 9.99370113E-04 -8.67579917E-08
7.00E-03 9.99677500E-04 9.99677541E-04 4.11928811E-08
8.00E-03 9.99999800E-04 1.00000000E-03 2.00000040E-07

As expected, the agreement between the two numbers is at the level of a few parts in 107, similar 
to the agreement displayed in the examination of the behavior of the individual coefficients and 
limited by the precision of the GRIZ output.
	 DYNA3D uses numerical integration for these calculations rather than a closed form 
solution. Therefore, a numerical integration was performed in EXCEL to check against the closed 
form solution, which should be exact. The following table compares the results for the internal 
energy from the  numerical integration scheme to the closed form solution for the C5 coefficient.
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Table 7. Exact and Numerical Integration results for the Internal Energy from the C5 term
Time Numerical Int Closed Form (Closed - NI)/NI

0.00E+00 1.00000000E-03 1.00000000E-03 0.00000000E+00
1.00E-03 1.00001079E-03 1.00001080E-03 1.09090606E-08
2.00E-03 1.00004318E-03 1.00004320E-03 2.20412156E-08
3.00E-03 1.00001077E-03 1.00001080E-03 3.31736001E-08
4.00E-03 9.99999956E-04 1.00000000E-03 4.40828806E-08
5.00E-03 1.00001079E-03 1.00001080E-03 1.06932566E-08
6.00E-03 1.00004318E-03 1.00004320E-03 2.11773074E-08
7.00E-03 1.00001077E-03 1.00001080E-03 3.16611508E-08
8.00E-03 9.99999958E-04 1.00000000E-03 4.23541918E-08

As the table demonstrates, the agreement between the closed form solution and the EXCEL nu-
merical integration is about an order of magnitude better than that exhibited by the closed form 
solution and the code results (as extracted using GRIZ). This is not surprising, as the GRIZ output 
is limited to 7 significant figures.
	 The level of agreement exhibited by the C5 coefficient is also obtained for the C6 coeffi-
cient, while the C4 coefficient exhibits agreement between the numerical integration scheme and 
the closed form solution that is about 2 orders of magnitude better. As the contribution of the C4 
coefficient depends only on E (and not µ), this is not surprising.
	 The closed form solution for the internal energy resulting from the contribution for the 
three coefficients combined can also be compared to the results of the EXCEL numerical integra-
tion, which is displayed in the following table.

Table 8. Exact and Numerical Integration results for the Internal Energy from all 3 terms
Time C4 - C6 Numerical Int C4 - C6 Closed Form (Closed - NI)/NI

0.00E+00 1.000000000E-03 1.00000000E-03 0.00000000E+00
1.00E-03 1.000349421E-03 1.00034945E-03 2.89911294E-08
2.00E-03 1.000786797E-03 1.00078689E-03 9.62788491E-08
3.00E-03 1.000349287E-03 1.00034945E-03 1.63580810E-07
4.00E-03 9.999998074E-04 1.00000000E-03 1.92584608E-07
5.00E-03 9.996775304E-04 9.99677541E-04 1.07451941E-08
6.00E-03 9.993700920E-04 9.99370113E-04 2.12760119E-08
7.00E-03 9.996775094E-04 9.99677541E-04 3.18066191E-08
8.00E-03 9.999999574E-04 1.00000000E-03 4.25515928E-08

As expected, the level of agreement exhibited in the table is, in general, a few parts in 108, similar 
to the level of agreement exhibited by the C5 and C6 coefficients.
	 Continuing with the closed form solution investigation, if one assumes that C4=C5=C6=0, 
then a simple closed form solution for the internal energy due to the first four terms can be devel-
oped, which exhibits the following form:
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E = -{C0(V-1) + C1(lnV - V + 1) + C2(-1/V - 2lnV + V) + C3(-1/(2V2) + 3/V + 3lnV - V - 1.5)} + E0

where V is the final volume of the cube and E0 is the initial internal energy. This solution takes 
advantage of the fact that the initial volume of the cube is 1 cm3. Note that the C2 term contributes 
to the internal energy only when the tension-limited excess compression is non-zero.
	 The internal energy resulting from each of the four terms, extracted from the code output 
using GRIZ, was compared to the results of the closed form solution. The following table displays 
the results for the internal energy resulting from the C1 term as a function of time.

Table 9. Exact and Numerical Integration results for the Internal Energy from the C1 term
Time Code (GRIZ) Closed Form (Closed - GRIZ)/GRIZ

0.00E+00 1.0000000E-09 1.0000000E-09 0.0000000E+00
1.00E-03 5.6080920E-08 5.6080925E-08 9.6391507E-08
2.00E-03 2.2133490E-07 2.2133493E-07 1.2195607E-07
3.00E-03 5.6080920E-08 5.6080925E-08 9.6391507E-08
4.00E-03 1.0000000E-09 1.0000000E-09 0.0000000E+00
5.00E-03 5.6080910E-08 5.6080911E-08 1.2779578E-08
6.00E-03 2.2133450E-07 2.2133446E-07 -1.9498628E-07
7.00E-03 5.6080910E-08 5.6080911E-08 1.2779578E-08
8.00E-03 1.0000000E-09 1.0000000E-09 0.0000000E+00

The agreement between the code results and the closed form solution is better than 2 parts in 107 
and is similar to the results from coefficients C0, C2 and C3. These results are also similar to the 
level of agreement exhibited by the results for the last three terms of this EOS.  
	 The internal energy resulting from the combination of the four terms, extracted from the 
code output using GRIZ, was compared to the results of the closed form solution. The following 
table displays these results as a function of time.

Table 10. Exact and Numerical Integration results for Internal Energy from the C0 - C3 terms
Time Code (GRIZ) Closed Form (Closed - GRIZ)/GRIZ

0.00E+00 1.0000000E-09 1.0000000E-09 0.0000000E+00
1.00E-03 6.9793750E-08 6.9793744E-08 -8.5787025E-08
2.00E-03 3.5540810E-07 3.5540812E-07 4.7938045E-08
3.00E-03 6.9793750E-08 6.9793744E-08 -8.5787025E-08
4.00E-03 1.0000000E-09 1.0000000E-09 0.0000000E+00
5.00E-03 5.8600770E-08 5.8600763E-08 -1.1509280E-07
6.00E-03 2.6081650E-07 2.6081647E-07 -1.0994220E-07
7.00E-03 5.8600770E-08 5.8600763E-08 -1.1509280E-07
8.00E-03 1.0000000E-09 1.0000000E-09 0.0000000E+00

The agreement between the code results and the closed form solution is better than 2 parts in 
107 and is similar to the level of agreement exhibited by the results for the last three terms of this 
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EOS. This established confidence in the numerical integration performed by the code to deter-
mine the internal energy.
	 Finally, a convergence study2 was performed on the internal energy integration calcula-
tion for EOS Form 1. A series of seven simulations was run with successively smaller time-step 
values that varied between 5.0e-5 and 8.9e-11. Each simulation was run to the first peak in the 
compression. The final value of the internal energy for each of the first seven cubes was extracted 
using GRIZ. Using the energy from the simulation with the smallest time-step size as the “exact” 
answer, the error (difference in values) for each cube/term was calculated and examined as a 
function of the time-step size. For each term, the error looked like error = C Dt2, where C is some 
constant and Dt is the time-step size. Therefore, the integration of the internal energy is second 
order accurate as the error is quadratic in Dt.	
	 The pressure is the more important quantity being determined from the equation-of-state 
and the agreement between the code results and those obtained from the theoretical equation is 
better than 5 parts in 107, as exhibited earlier. This level of agreement is similar to that exhibited 
by the code results for the internal energy and the closed form solutions. Finally, as established by 
the convergence study, the agreement between the closed form solutions for the internal energy 
and the code results can be improved by decreasing the time step, which would also improve the 
agreement between the code predictions for the pressure and the theoretical result
	 This establishes the implementation of Equation-of-State Form 1 in DYNA3D. The equa-
tion-of-state is performing as expected, in that the pressure in the cubes increases as they are 
compressed and decreases as they are expanded. The behavior of each of the terms in the equa-
tion-of-state has been examined and found to be performing as expected and with good accuracy. 
The behavior of the equation-of-state as a whole has been examined and is performing as expect-
ed and with good accuracy.

2 Ed Zywicz, e-mail communication, 1/13/2015.
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Equation-of-State Form 2

	 The next model to be tested was Equation-of-State Form 2, a JWL expression often used 
for high-explosive detonation products. This EOS has the following form:

p = A(1 - ω/(R1 V)) exp(-R1V) + B(1 - ω/(R2 V)) exp(-R2 V) + ωE/V

where p is the pressure, V is the relative volume and E is the specific internal energy. A, B, w, R1 
and R2 are material dependent coefficients. 
	 Equation-of-State Form 2 was tested using 4 cubes, one for each of the ‘terms’ and one for 
the full equation-of-state model. However, unlike Equation-of-State Form 1 which separated into 
terms easily, the manner in which each term of EOS Form 2 depends on w prevents this equation-
of-state model from being cleanly separated, unless w is set to 0, in which case the dependence 
of the first two terms on the relative volume is modified. Therefore, the decision was made to test 
terms 1 and 3 with the first cube, terms 2 and 3 with the second cube and term 3 alone with the 
third cube. The full equation-of-state was tested using the fourth cube. The 4 cubes use the same 
compression and expansion as that used for the testing of EOS Form 1.
	 As it turns out, for the material coefficients chosen for this test of EOS Form 2, the con-
tribution to the pressure from term 3 is orders of magnitude smaller than the contributions from 
terms 1 and 2, validating this testing choice. In addition, tests of this EOS with w set to zero have 
already been conducted and discussed elsewhere3.  While those tests were restricted to investigat-
ing only the pressure, the results exhibited good agreement between the theoretical model and the 
code (See Appendix A).
	 Prior to discussing the calculations using EOS Form 2, a few code issues need to be ad-
dressed and these are not necessarily readily apparent to the user.  First, in order for the terms 
dependent on the internal energy to perform as expected, it is required to have an initial energy 
present in the simulation, so the initial internal energy was set to a value of 1.0e-3 in all of the 
cubes. In addition, in order to eliminate issues with the work performed by the bulk viscosity, the 
two input coefficients for the bulk viscosity on the material card were set to 1.0e-20 in each of the 
4 cubes. Failing to do so results in the work performed on the cube being dominated by contribu-
tions from the bulk viscosity. Finally, the code version used for this test was version 14.2.0 revi-
sion 1.3293.
	 Input coefficients for Equation-of-State Form 2 for a typical material were taken from a 
1973 paper by Lee, et. al.4. The following table gives the value of the input coefficients for each of 
the four cubes used in the test suite.

Table 11. Input coefficients for the testing of EOS Form 2
Cube A B R1 R2 w

1 8.684 0 4.6 1.25 0.25
2 0 1.8711e-1 4.6 1.25 0.25
3 0 0 4.6 1.25 0.25

3 Benjamin, R.D., Informal report submitted to Jerry Lin and Robert Ferencz. The portion related 
to EOS Form 2 testing with w=0 is included at the end of this report.
4 Lee, Finger and Collins, UCID-16189, 1973.
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4 8.684 1.8711e-1 4.6 1.25 0.25

Note that the R1 and R2 coefficients were set for each cube to avoid divide by zero problems in the 
code. 
	 The following plot displays the pressure from each of the three individual terms tested for 
EOS Form 2, as returned by the code, as a function of time for this simulation.

Figure 4. Code pressure for the three terms as a function of time

As the plot demonstrates, the pressures returned by the first two terms differ by approximately a 
factor of two, while the contribution of the third term is orders of magnitude smaller. A log plot 
makes the difference between these terms more easily understood:
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Figure 5. Code pressure for the three terms as a function of time 

It is clear from this version of the plot that the contributions to the pressure from the first two 
terms (as tested) are approximately two orders of magnitude larger than the contribution from the 
third term.
	 The following observations may be made from the code output. In all of the cubes, the 
pressure increases as the cube is compressed and decreases as the cube is expanded, as expected. 
As asserted earlier, the pressure from Cube 3 (Term 3 only) is about 2 orders of magnitude small-
er than the pressures resulting from Cubes 1 (Terms 1 and 3) and 2 (Terms 2 and 3). Finally, note 
that with this choice of input coefficients, the pressure appears to be positive definite.
	 Using the normalized difference defined by equation 1, the agreement between the pres-
sures for each of the three ‘terms’ as calculated using the theoretical expression and the results 
returned by the code is demonstrated in the following table for the second ‘term’ as a function of 
time.

Table 12. Reference and Code Pressures for the second term of EOS Form 2
Time Reference Pressure Code Pressure (Reference - Code)/Code

0.00E+00 4.3136330E-02 4.31363300E-02 9.65157754E-16
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2.00E-03 4.6401351E-02 4.64013505E-02 1.90932689E-09
3.00E-03 4.4761805E-02 4.47618053E-02 -2.70071119E-09
4.00E-03 4.3136330E-02 4.31363300E-02 -1.30296297E-14
5.00E-03 4.1527370E-02 4.15273695E-02 -2.06490702E-10
6.00E-03 3.9937214E-02 3.99372138E-02 -9.25914742E-10
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7.00E-03 4.1527370E-02 4.15273695E-02 -2.06476165E-10
8.00E-03 4.3136330E-02 4.31363300E-02 -1.06167353E-14

As the table clearly demonstrates, the code pressures are in excellent agreement with the reference 
results, with the level of agreement being better than 3 parts in 109. This level of agreement is typi-
cal of the three individual terms tested in this simulation.
	 Now that the behavior of each of the individual terms in the expression for Equation-of-
State Form 2 has been examined, the behavior of the full expression for this EOS can be investi-
gated. The following plot displays the pressure as a function of time for EOS Form 2.

Figure 6. Code Pressure for EOS Form 2 as a function of time

Note that the pressure is behaving as one would expect, as the pressure increases when the cube is 
compressed, decreases as the cube is expanded and then returns to the initial pressure as the cube 
is relaxed back to its original configuration. Note also that with the present choice of input coeffi-
cients, the pressure returned by EOS Form 2 is positive definite.
	 The following table compares the reference pressure to the code results as a function of 
time.

Table 13. Reference and Code Pressures for Equation-of-State Form 2
Time Reference Pressure Code Pressure (Reference - Code)/Code

0.00E+00 1.256824422E-01 1.256824422E-01 6.8460067E-15
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2.00E-03 1.556900399E-01 1.556900400E-01 -8.1066458E-10
3.00E-03 1.399047857E-01 1.399047857E-01 1.0939826E-10
4.00E-03 1.256824422E-01 1.256824422E-01 7.8397819E-14
5.00E-03 1.128902140E-01 1.128902140E-01 1.8167009E-10
6.00E-03 1.014025564E-01 1.014025564E-01 3.6232252E-10
7.00E-03 1.128902140E-01 1.128902140E-01 1.8163468E-10
8.00E-03 1.256824422E-01 1.256824422E-01 -1.2057805E-13

As the table clearly demonstrates, the code predictions are again in excellent agreement with 
the theoretical results, with the level of agreement being better than 8 parts in 1010. These results 
establish confidence in the pressures returned by the implementation of Equation-of-State Form 2 
in DYNA3D.
 	 The code results for the internal energy can also be investigated for this equation-of-state. 
Unfortunately, due to the form of this EOS (w present in each term and E only in the third term), 
a simple closed form solution can only be generated for the third term, using the assumption that 
A=B=0. Making such an assumption leads to the following expression for the internal energy due 
to the third term:

E = exp(-wlnV + lnE0)

where V is the final volume of the cube and E0 is the initial internal energy. This solution takes 
advantage of the fact that the initial volume of the cube is 1 cm3. 
	 The predictions of this closed form solution for the internal energy due to the third term 
can be compared to the code results as extracted using GRIZ, which again limits the comparison 
to 7 significant figures. This is done in the following table.

Table 14. Exact and Code Internal Energies for the third term in EOS Form 2
Time Code (GRIZ) Closed Form (Closed - GRIZ)/GRIZ

0.00E+00 1.00000000E-03 1.0000000E-03 0.000000E+00
1.00E-03 1.00756600E-03 1.0075662E-03 2.305122E-07
2.00E-03 1.01526700E-03 1.0152674E-03 3.984000E-07
3.00E-03 1.00756600E-03 1.0075662E-03 2.305122E-07
4.00E-03 1.00000000E-03 1.0000000E-03 2.168404E-16
5.00E-03 9.92565100E-04 9.9256503E-04 -7.150757E-08
6.00E-03 9.85257800E-04 9.8525778E-04 -2.430617E-08
7.00E-03 9.92565100E-04 9.9256503E-04 -7.150757E-08
8.00E-03 1.00000000E-03 1.0000000E-03 2.168404E-16

As expected, the agreement between the closed form solution for the third term and the code 
results is at the level of ~ 4 parts in 107, which is limited by the number of significant figures in the 
output provided by GRIZ.
	 Finally, the internal energy returned by the code for Equation-of-State Form 2 can be 
compared to a numerical integration performed using EXCEL to determine the sensitivity of this 
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result to differences in the numerical integration scheme. This is done in the following table.

Table 15. Reference and Code Internal Energies for EOS Form 2
Time Code (GRIZ) Reference Energy (Reference - GRIZ)/GRIZ

0.00E+00 1.00000000E-03 1.00000000E-03 0.000000E+00
1.00E-03 4.93969500E-03 4.93969415E-03 -1.712669E-07
2.00E-03 9.23689900E-03 9.23689620E-03 -3.026991E-07
3.00E-03 4.93969500E-03 4.93969592E-03 1.861780E-07
4.00E-03 1.00000000E-03 1.00000681E-03 6.809678E-06
5.00E-03 -2.61040300E-03 -2.61040235E-03 -2.471270E-07
6.00E-03 -5.91818900E-03 -5.91818634E-03 -4.489569E-07
7.00E-03 -2.61040300E-03 -2.61040365E-03 2.499197E-07
8.00E-03 1.00000000E-03 9.99994603E-04 -5.397370E-06

The agreement between these two numerical integration schemes is better than 5 parts in 107, 
except for the points representing the return of the cube to its original configuration, where the 
agreement is degraded by about a factor of 10. It is not clear at this time why these 2 points should 
exhibit a reduction in the level of agreement, but is likely due to the nodes not being returned to 
exactly their original locations. 
	 Note that the changes in the internal energy are large compared to the initial value of the 
internal energy, so this comparison is not dominated by the initial value of the internal energy. 
Furthermore, the pressure is the more important quantity being determined from the equation-
of-state and the agreement between the code results and those obtained from the theoretical 
model is better than 4 parts in 1010, as exhibited earlier, which is better than the agreement ex-
hibited by the internal energy results. The convergence study performed on the calculation of the 
internal energy for EOS Form 1 was not repeated for this EOS, as the same result is to be expect-
ed, which is that the internal energy calculation is expected to be second order accurate in Dt, the 
time step size for the simulation.
	 This establishes the implementation of Equation-of-State Form 2 in DYNA3D. The equa-
tion-of-state is performing as expected, in that the pressure in the cubes increases as they are 
compressed and decreases as they are expanded. The behavior of each of the terms in the equa-
tion-of-state has been examined and found to be performing as expected and with good accuracy. 
The behavior of the equation-of-state as a whole has been examined and is performing as expect-
ed and with good accuracy.
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Equation-of-State Form 3

	 The next model to be tested was Equation-of-State Form 3, an equation-of-state developed 
by Seymour Sack to describe high-explosive detonation products and is an alternative to EOS 
Form 2. This EOS has the following form:

p = A3/V
A1 exp(-A2V) (1 - B1/V) + B2E/V

where p is the pressure, V is the relative volume and E is the specific internal energy. A1, A2, A3, 
B1, and B2 are material dependent coefficients. This EOS includes a tensile cap requiring that p ≥ 
0.  
	 As there are two terms in the equation-of-state, Equation-of-State Form 3 was tested using 
3 cubes, one for each of the two terms in the expression for EOS Form 3 and one for the full equa-
tion-of-state model. The 3 cubes use the same compression and expansion as that used for the 
testing of EOS Form 1.
	 Prior to discussing the calculations using EOS Form 3, a few code issues need to be 
addressed and these are not necessarily readily apparent to the user.  First, in order for the term 
dependent on the internal energy to perform as expected, it is required to have an initial energy 
present in the simulation, so the initial internal energy was set to a value of 1.0e-3 in all of the 
cubes. In addition, in order to eliminate issues with the work performed by the bulk viscosity, the 
two input coefficients for the bulk viscosity on the material card were set to 1.0e-20 in each of the 
3 cubes. Failing to do so results in the work performed on the cube being dominated by contribu-
tions from the bulk viscosity. Finally, the code version used for this test was version 14.2.0 revi-
sion 1.3297.
	 Input coefficients for Equation-of-State Form 3 were chosen such that the contribution to 
the pressure from the two terms was of the same order of magnitude as a function of time during 
the compression and expansion of the cubes. The following coefficients were used as input for the 
testing of the full implementation of EOS Form 3: A1 = 1.1, A2 = 4.0, A3 = 4.603, B1 = 0.37, B2 = 
12.6. The following table lists the values of the input coefficients for each of the cubes in the test-
ing of EOS Form 3.

Table 16. Input coefficients for the testing of EOS Form 3
Cube A1 A2 A3 B1 B2

1 1.1 4.0 4.603 0.37 0
2 0 0 0 0 12.6
3 1.1 4.0 4.603 0.37 12.6

The initial specific energy was set to 1.0e-3 and the initial volume was 1.0 cm3.
	 The two terms in the equation-of-state were tested independently, then the full equation-
of-state model was tested. The following plot displays the pressures from the first two terms, as 
returned by the code, as a function of time for this simulation.
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Figure 7. Code pressures for the two terms of EOS Form 3 as a function of time

As the plot demonstrates, both terms are contributing pressures on the order of 10-2 during cy-
cling of the cubes.
	 The following observations may be made from the plot. Both terms contribute an increase 
in the pressure as the cubes are compressed and both exhibit a decrease in pressure as the cubes 
are expanded, as expected. In addition, both terms are positive definite during cycling of the 
cubes. Therefore, at least qualitatively, the code output is behaving as expected.
	 Using the normalized difference defined by equation 1, the agreement between the pres-
sures for the two terms as calculated using the theoretical expression and the results returned by 
the code is demonstrated in the following table for the second term as a function of time.

Table 17. Exact and Code Pressures for the second term of EOS Form 3
Time Theoretical Pressure Code Pressure (Theoretical - Code)/Code

0.00E+00 1.260000000E-02 1.260000000E-02 1.3767646635E-16
1.00E-03 1.898692372E-02 1.898692380E-02 -4.3603550953E-09
2.00E-03 2.873072974E-02 2.873072995E-02 -7.3107502509E-09
3.00E-03 1.898692372E-02 1.898692380E-02 -4.3615349715E-09
4.00E-03 1.260000000E-02 1.260000000E-02 -4.5793533205E-11
5.00E-03 8.395730603E-03 8.395730551E-03 6.2878502149E-09
6.00E-03 5.616729867E-03 5.616729779E-03 1.5621260057E-08
7.00E-03 8.395730603E-03 8.395730551E-03 6.2521500466E-09
8.00E-03 1.260000000E-02 1.260000000E-02 -1.0185704241E-10
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As the table demonstrates, the code pressures are in excellent agreement with the exact results, 
with the level of agreement being better than ~2 parts in 108. The level of agreement achieved in 
the testing of the first term of this EOS model is 3 - 4 orders of magnitude better than this (~ 1 
part in 1012).
	 Now that the behavior of the two individual terms in the expression for Equation-of-State 
Form 3 has been examined, the behavior of the full expression for this EOS may be investigated. 
The following plot displays the pressure returned by the code as a function of time for EOS Form 
3.

Figure 8. Code pressures for EOS Form 3 as a function of time

Note that the pressure is behaving as one would expect, as the pressure increases when the cube is 
compressed, decreases as the cube is expanded and then returns to the initial pressure as the cube 
is relaxed back to its original configuration. Note also that the pressure returned by EOS Form 3 is 
positive definite.
	 The following table compares the reference pressures to the code results as a function of 
time for Equation-of-State Form 3. Reference pressures are used because there is no closed form 
solution for the internal energy for the full EOS model.

Table 18. Reference and Code Pressures for EOS Form 3
Time Reference Pressure Code Pressure (Reference - Code)/Code

0.00E+00 6.571333806E-02 6.5713338057E-02 8.447470920E-16
1.00E-03 1.062837961E-01 1.0628379472E-01 1.287547442E-08
2.00E-03 1.688522055E-01 1.6885706298E-01 -2.876666795E-05
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3.00E-03 1.062837961E-01 1.0628379472E-01 1.287409139E-08
4.00E-03 6.571333806E-02 6.5713338061E-02 -5.734206616E-11
5.00E-03 3.943319699E-02 3.9433197267E-02 -6.937270045E-09
6.00E-03 2.246573441E-02 2.2465187604E-02 2.433992539E-05
7.00E-03 3.943319699E-02 3.9433197269E-02 -6.986839961E-09
8.00E-03 6.571333806E-02 6.5713338065E-02 -1.278362110E-10

As the table clearly demonstrates, the code predictions are in excellent agreement with the refer-
ence results, with the level of agreement being better than 2 parts in 108. These results establish 
confidence in the pressures returned by the implementation of Equation-of-State Form 3 in DY-
NA3D.
	 Exceptions to the level of agreement between the theoretical expression and the code 
results exist at both the peak of the compression and the peak of the tension. The calculation of 
the theoretical pressure relies on a numerical integration of the internal energy performed in EX-
CEL. If the EXCEL result for the internal energy is replaced by the code reported internal energy 
(collected using GRIZ), the level of agreement improves by more than two orders of magnitude at 
each point. In addition, if the cube is slightly over-compressed in the EXCEL numerical integra-
tion (by a factor of 1.00000673) at the peak of the compression, the agreement also improves by 
more than two orders of magnitude. The cause of this failure of the EXCEL model to reproduce 
the code results for the full equation-of-state model is under study, as this methodology returned 
excellent results for the studies of both EOS Form 1 and EOS Form 2, as well as the individual 
terms of EOS Form 3.
	 The code results for the internal energy can also be investigated for this equation-of-
state. A simple closed form solution can be generated for both terms individually, but not for the 
equation-of-state as a whole, as the internal energy appears in the second term but not the first. 
Assuming B2 = 0, the following closed form solution for the first term was evaluated using Mathe-
matica:

E = - ∫ A3/V
A1 exp(-A2V) (1 - B1/V) dV

Assuming that A1=A2=A3=B1=0 leads to the following expression for the internal energy due to 
the second term:

E = exp(-B2lnV + lnE0)

where V is the final volume of the cube and E0 is the initial internal energy. This solution takes 
advantage of the fact that the initial volume of the cube is 1 cm3. 
	 The predictions of the closed form solution for the internal energy due to the second term 
of EOS Form 3 can be compared to the code results as extracted using GRIZ, which again limits 
the comparison to 7 significant figures. This is done in the following table.
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Table 19. Exact and Code Internal Energies for the second term in EOS Form 3
Time Code (GRIZ) Closed Form (Closed - GRIZ)/GRIZ

0.00E+00 1.00000000E-03 1.0000000E-03 2.168404345E-16
1.00E-03 1.46214200E-03 1.4621423E-03 2.114283525E-07
2.00E-03 2.14612200E-03 2.1461217E-03 -1.559437627E-07
3.00E-03 1.46214200E-03 1.4621423E-03 2.114283525E-07
4.00E-03 1.00000000E-03 1.0000000E-03 2.168404345E-16
5.00E-03 6.86518200E-04 6.8651823E-04 3.658663042E-08
6.00E-03 4.73057000E-04 4.7305704E-04 7.855547160E-08
7.00E-03 6.86518200E-04 6.8651823E-04 3.658663042E-08
8.00E-03 1.00000000E-03 1.0000000E-03 2.168404345E-16

As expected, the agreement between the closed form solution for the second term and the code 
results is at the level of a couple of parts in 107. This level of agreement is also observed between 
the closed form solution for the first term and the code results.
	 Finally, the internal energy returned by the code for Equation-of-State Form 3 can be 
compared to a numerical integration performed using EXCEL to determine the sensitivity of this 
result to differences in the numerical integration scheme. This is done in the following table.

Table 20. Reference and Code Internal Energies for EOS Form 3
Time Code (GRIZ) Reference (Reference - GRIZ)/GRIZ

0.00E+00 1.00000000E-03 1.000000000E-03 0.000000E+00
1.00E-03 3.50884400E-03 3.508844591E-03 1.683077E-07
2.00E-03 7.44446200E-03 7.444098806E-03 -4.878711E-05
3.00E-03 3.50884400E-03 3.508844591E-03 1.683077E-07
4.00E-03 1.00000000E-03 1.000000000E-03 0.000000E+00
5.00E-03 -5.62902800E-04 -5.629028257E-04 4.557229E-08
6.00E-03 -1.49941500E-03 -1.499369188E-03 -3.055337E-05
7.00E-03 -5.62902800E-04 -5.629028257E-04 4.557229E-08
8.00E-03 1.00000000E-03 1.000000000E-03 0.000000E+00

With the exception of the point at the peak of the tension, the agreement between these two nu-
merical integration schemes is better than 4 parts in 107, indicating that these results are not very 
sensitive to the exact details of the numerical integration.
	 Exceptions to the level of agreement between the EXCEL numerical integration and the 
code results exist at both the peak of the compression and the peak of the tension. If the cube is 
slightly over-compressed in the EXCEL numerical integration (by a factor of 1.00000673) at the 
peak of the compression, the agreement improves by more than two orders of magnitude. The 
cause of this failure of the EXCEL model to reproduce the code results for the full equation-of-
state model is under study, as this methodology returned excellent results for the studies of both 
EOS Form 1 and EOS Form 2, as well as the individual terms of EOS Form 3.
	 Note that the changes in the internal energy are large compared to the initial value of the 
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internal energy, so this comparison is not dominated by the initial value of the internal energy. 
Furthermore, the pressure is the more important quantity being determined from the equation-
of-state and the agreement between the code results and those obtained from the theoretical 
model is better than 4 parts in 108, as exhibited earlier, which is better than the agreement exhib-
ited by the internal energy results. The convergence study performed on the calculation of the 
internal energy for EOS Form 1 was not repeated for this EOS, as the same result is to be expect-
ed, which is that the internal energy calculation is expected to be second order accurate in Dt, the 
time step size for the simulation.
	 This establishes the implementation of Equation-of-State Form 3 in DYNA3D. The equa-
tion-of-state is performing as expected, in that the pressure in the cubes increases as they are 
compressed and decreases as they are expanded. The behavior of each of the terms in the equa-
tion-of-state has been examined and found to be performing as expected and with good accuracy. 
The behavior of the equation-of-state as a whole has been examined and is performing as expect-
ed and with good accuracy.
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Equation-of-State Form 4

	 The next model to be tested was Equation-of-State Form 4, the Gruneisen equation-of-
state with cubic shock velocity-particle velocity. This EOS defines the pressure for compressed 
materials (µ > 0) as: 

and for expanded materials (µ < 0) as:

p = r0C
2µ + (g0 + aµ)E

where r0 is the initial density, C is the intercept of the shock velocity vs. particle velocity (ns - np) 
curve, S1, S2 and S3 are the coefficients of the slope of the ns - np curve, g0 is the Gruneisen gamma, 
and a is the first order volume correction to g0. The excess compression, µ, is related to the density 
by μ = r/r0 - 1. As in the testing of the other EOS models discussed earlier, r0 = 1.0 and the initial 
volume, V0 = 1.0.
	 While there are only two terms in the equation-of-state, Equation-of-State Form 4 was 
tested using 11 cubes in an attempt to deliver as much testing of the individual portions of the 
EOS model as possible. There are clean separations of the EOS for several choices of the input 
parameters and the manner in which the EOS is tested by these cubes is described below. The 11 
cubes use the same compression and expansion as that used for the testing of EOS Form 1. 	
	 Prior to discussing the calculations using EOS Form 4, a few code issues need to be 
addressed and these are not necessarily readily apparent to the user.  First, in order to eliminate 
issues with the work performed by the bulk viscosity, the two input coefficients for the bulk vis-
cosity on the material card were set to 1.0e-20 in each of the 11 cubes. Failing to do so results in 
the work performed on the cube being dominated by contributions from the bulk viscosity. Next, 
C is related to the sound speed in the material and so to avoid divide by zero issues in calculations 
using the sound speed, it is necessary that this coefficient not be zero, so an input value of 1.0e-20 
was used for this coefficient when eliminating contributions from the first term in both compres-
sion and expansion. Finally, the code version used for this test was version 14.2.0 revision 1.3297.
	 The input coefficients used for testing Equation-of-State Form 4 are for polystyrene (r0 
=1.046) and taken from Steinberg’s paper5, except that polystyrene has an accepted value of a=0.0. 
For testing purposes, a will be set to 0.1 to test the full implementation of the EOS model. The 
cubes are set up in the following manner: 

Cube 1: C=1.0e-20, g0=0.67, a=0.1, S1=1, S2=0, S3=0, E0=1.0e-3 which tests the contribu-
tion of the (g0 + aµ)E term in both compression and expansion by making the con-
tribution of the first term small in both compression and expansion and eliminates 
any possible contributions from the denominator in compression

5 Steinberg, Equation of State and Strength Properties of Selected Materials, UCRL-MA-106439, 
Feb. 1996
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Cube 2: C=0.189, g0=0, a=0, S1=1, S2=0, S3=0, E0=0 which tests the r0C
2µ term in expan-

sion and a r0C
2µ(1+µ) term in compression

Cube 3: C=0.189, g0=0.67, a=0, S1=1, S2=0, S3=0, E0=1.0e-3 which adds the contribution of 
the (1-g0/2)µ term in numerator of the first term in compression, but also adds g0E in 
both compression and expansion, so the splitting of the terms has become compli-
cated

Cube 4: C=0.189, g0=0, a=0.1, S1=1, S2=0, S3=0, E0=1.0e-3 which adds the contribution of 
the aµ2/2 term in the numerator of the first term in compression, but also adds aµE 
in both compression and expansion, so the splitting of the terms is again complicat-
ed

Cube 5: C=0.189, g0=0, a=0, S1=2.965, S2=0, S3=0, E0=0 which tests the contribution of the 
first term in the denominator in compression

Cube 6: C=0.189, g0=0, a=0, S1=1, S2=-4.609, S3=0, E0=0 which tests the contribution of the 
second term in the denominator in compression

Cube 7: C=0.189, g0=0, a=0, S1=1, S2=0, S3=2.328, E0=0 which tests the contribution of the 
third term in the denominator in compression

Cube 8: C=0.189, g0=0.0, a=0, S1=2.965, S2=-4.609, S3=2.328, E0=0 which tests the behavior 
of the full denominator in the EOS model 

Cube 9: C=0.189, g0=0.67, a=0, S1=2.965, S2=-4.609, S3=2.328, E0=1.0e-3 which adds the 
contribution of the (1-g0/2)µ term in the numerator of the first term in compression 
with the full denominator, but also adds g0E in both compression and expansion, so 
the splitting of the terms has become complicated

Cube 10: C=0.189, g0=0, a=0.1, S1=2.965, S2=-4.609, S3=2.328, E0=1.0e-3 which adds the 
contribution of the aµ2/2 term in the numerator of the first term in compression 
with the full denominator, but also adds aµE in both compression and expansion, so 
the splitting of the terms has become complicated

Cube 11: C=0.189, g0=0.67, a=0.1, S1=2.965, S2=-4.609, S3=2.328, E0=1.0e-3 which tests the 
implementation of the full EOS model

The following table summarizes these values for the input coefficients for the 11 cubes comprising 
this test suite.

Table 21. Input coefficients for the testing of EOS Form 4
Cube C S1 S2 S3 g0 a E0

1 1.0e-20 1 0 0 0.67 0.1 1.0e-3
2 0.189 1 0 0 0 0 0
3 0.189 1 0 0 0.67 0 1.0e-3
4 0.189 1 0 0 0 0.1 1.0e-3
5 0.189 2.965 0 0 0 0 0
6 0.189 1 -4.609 0 0 0 0
7 0.189 1 0 2.328 0 0 0
8 0.189 2.965 -4.609 2.328 0 0 0
9 0.189 2.965 -4.609 2.328 0.67 0 1.0e-3

10 0.189 2.965 -4.609 2.328 0 0.1 1.0e-3
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11 0.189 2.965 -4.609 2.328 0.67 0.1 1.0e-3
As stated above, there is no clean way to separate this EOS model into all of its components, as g0 
and a appear in both the first and second term in both compression and expansion, but the inter-
nal energy appears only in the second term in compression and expansion.
	 The following plot displays the pressure from each of the first 10 cubes as a function of 
time, as returned by the code. 

Figure 9. Code pressures for the tested components of EOS Form 4 as a function of time

As the plot demonstrates, the pressure from each of the tested terms returned by the code is of the 
same order of magnitude for each of the cubes.
	 The following observations may be made from the code output. In all of the cubes, the 
pressure increases as the cube is compressed and decreases as the cube is expanded, which is the 
expected behavior. The contribution from Cube 1 is positive definite for the input coefficients that 
were chosen (g0 > 0, a > 0). Note that cube 9 is the actual Gruneisen EOS for polystyrene, an ar-
tifact of the method employed to break this EOS model into pieces. Note also that cube 9 returns 
the largest pressures in compression, but not in tension.
	 Using the normalized difference defined by equation 1, the agreement between the pres-
sures for the fifth ‘term’ as calculated using the reference expression and the results returned by 
the code is demonstrated in the following table as a function of time.
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1.00E-03 1.2757496E-03 1.275749626E-03 -1.4240170041E-12
2.00E-03 3.0816590E-03 3.081659035E-03 -1.8432772597E-12
3.00E-03 1.2757496E-03 1.275749626E-03 -2.6075250489E-12
4.00E-03 0.0000000E+00 0.000000000E+00 0.0000000000E+00
5.00E-03 -1.0505493E-03 -1.050549326E-03 -5.8082849386E-13
6.00E-03 -2.0603039E-03 -2.060303888E-03 -7.1378394012E-13
7.00E-03 -1.0505493E-03 -1.050549326E-03 -6.1901373599E-13
8.00E-03 0.0000000E+00 0.000000000E+00 0.0000000000E+00

As the table clearly demonstrates, the code pressures are in excellent agreement with the reference 
results, with the level of agreement being better than 3 parts in 1012. This level of agreement is 
typical of the individual ‘terms’ tested, with the exception of the results from Cubes 3 and 9.
	 The normalized differences from Cubes 3 and 9 are on the order of 10-8 in compression 
and 10-7 in tension. While this level of agreement between the reference result and the code result 
is still quite good, the fact that it is considerably lower than the agreement exhibited by the other 
cubes warranted further investigation. It was discovered that if the GRIZ reported internal energy, 
limited in accuracy to 7 digits when written to an output file, was replaced by a more accurate re-
sult available only internally in GRIZ (which differed from the written output in the 8th digit and 
beyond), the agreement between the code results and the exact expression was improved by about 
an order of magnitude. This indicates that the conversion of the representation of the internal 
energy from a 64 bit number to a 32 bit number that occurs when GRIZ creates its written output 
file is affecting the accuracy of our results for this equation-of-state model. The level of difference 
between the written and internal representations of the internal energy indicates that this equa-
tion-of-state model, at least for the present choice of input coefficients, is very sensitive to the 
value of the internal energy, something that shall be encountered again.
	 Now that the behavior of each of the tested individual ‘terms’ in the expression for Equa-
tion-of-State Form 4 has been examined, the behavior of the full expression for this EOS can be 
investigated. The following plot displays the pressure as a function of time for EOS Form 4 as 
returned by the code.
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Figure 10. Code pressures for EOS Form 4 as a function of time 

Note that the pressure is behaving as one would expect, in that the pressure increases as the cube 
is compressed, decreases as the cube is expanded and returns to the initial pressure when the cube 
is returned to its original configuration. It is interesting to note that the pressures returned by the 
full implementation of EOS Form 4 closely resemble the results obtained from Cube 9.
	 The following table compares the reference pressure to the code results as a function of 
time. 

Table 23. Reference and Code Pressures for Equation-of-State Form 4
Time Reference Pressure Code Pressure (Reference - Code)/Code
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7.00E-03 -3.8621619E-04 -3.862162978E-04 -2.877481273E-07
8.00E-03 6.7000001E-04 6.700000000E-04 8.340091871E-09
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As the table demonstrates, the code predictions in compression are no longer in excellent agree-
ment with the reference results. This is similar to the results obtained from Cube 3 and Cube 9. 
However, replacing the 7 digit GRIZ written result for the internal energy with the more accurate 
internal representation available in GRIZ does not improve the agreement between the code pres-
sure and the reference result, as it did in the testing of Cubes 3 and 9.
	 Further investigation revealed that if the GRIZ reported internal energy (the higher 
resolution internal representation) was decreased by 0.19% on the ramp up to maximum com-
pression and the ramp back down to the initial configuration, the normalized agreement between 
the code reported pressure and the theoretical pressure improved from -6.71E-04 to -6.80E-10, 
an improvement of nearly six orders of magnitude. This is a further indication that, at least for the 
present choice of input coefficients, this equation-of-state model is very sensitive to the value of 
the internal energy.
	 Examination of the results obtained in this testing of Equation-of-State Form 4 indicate 
that this sensitivity to the value of the internal energy is obtained when both g0 is non-zero and C 
is large enough for the first term to contribute in compression, as revealed by Cubes 3, 9 and 11. 
It appears as if the trapezoidal rule implemented in the code to perform the numerical integra-
tion of the internal energy is not sufficiently converged for the higher order terms introduced by 
non-zero values of g0, at least for the present choice of input coefficients. Since the use of non-zero 
values for a introduces even higher order terms than g0, it is believed that if substantially larger 
values were tested for a, the behavior observed would be similar to that obtained for the g0 terms.
	 While the results obtained from the testing of Equation-of-State Form 4 are clearly not 
as good as the results obtained in testing the EOS models previously discussed in this document, 
these results do establish a degree of confidence in the implementation of Equation-of-State Form 
4 in DYNA3D. However, the user should perhaps be warned that this EOS model is known to 
exhibit, under certain circumstances, a marked sensitivity to the value of the internal energy. 
Furthermore, while this sensitivity is relatively easy to test for in a constructed test suite such as is 
discussed here, such a sensitivity may prove far more difficult to diagnose in a real-world simula-
tion.
	 Now that the pressures returned by the code have been discussed, the code results for the 
internal energy can be investigated. Given the manner in which the EOS model was split into 
‘terms’ for testing purposes, closed form solutions for the internal energy can be derived for many 
of these ‘terms’. For some cubes, closed form solutions exist in both compression and tension, 
while for others the closed form solution exists only in tension. For the cubes that exhibit a closed 
form solution only in tension, a numerical integration was performed in EXCEL to generate 
internal energies to be used for the reference calculation of the pressure. Closed form solutions 
for the internal energy for Cube 2 exist in both tension and compression. In tension, the internal 
energy solution has the following form:

E = -r0C
2(lnV - V + 1)

where V is the final volume of the cube and the other coefficients are as before. In compression, 
this solution has the form:

E = -r0C
2(-lnV + 1 - 1/V)
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where V is again the final volume of the cube and the other coefficients are as before. Both of 
these solutions take advantage of the fact that the initial volume of the cube is 1 cm3 and that the 
initial internal energy for Cube 2 is 0.
	 The predictions of these closed form solutions for the internal energy in Cube 2 can be 
compared to the code results as extracted using GRIZ, which limits the comparison to 7 signifi-
cant figures. The following table makes this comparison.

Table 24. Exact and Code Internal Energies for Cube 2 in Equation-of-State Form 4
Time Code (GRIZ) Closed Form (Closed - GRIZ)/GRIZ

0.00E+00 0.0000000E+00 0.0000000E+00 0.000000000E+00
1.00E-03 1.6401100E-05 1.6401103E-05 1.895318702E-07
2.00E-03 6.6953550E-05 6.6953552E-05 3.411465412E-08
3.00E-03 1.6401100E-05 1.6401103E-05 1.895318702E-07
4.00E-03 3.8724100E-16 0.0000000E+00 0.000000000E+00
5.00E-03 1.6074710E-05 1.6074716E-05 3.596924472E-07
6.00E-03 6.4302020E-05 6.4302019E-05 -1.462639420E-08
7.00E-03 1.6074710E-05 1.6074716E-05 3.596924472E-07
8.00E-03 3.9116950E-16 0.0000000E+00 0.000000000E+00

As expected, the level of agreement between the closed form solution for Cube 2 and the code re-
sult is at the level of about 3.5 parts in 107. With the exception of Cube 8 in compression, this level 
of agreement is typical for all of the internal energy calculations, whether the code is being com-
pared to a closed form solution or to the result of a numerical integration performed in EXCEL. 
The agreement between the closed form solution for Cube 8 and the code result in compression 
is about an order of magnitude lower than that exhibited by the other cubes and may be a result 
of higher order terms in µ causing an issue with the convergence of the numerical integration 
scheme, as was proposed earlier for the full EOS model results for the pressure. 
	 While one might expect that Cubes 9 and 10 would also exhibit this tendency toward a 
reduced level of agreement for the internal energy in compression, neither cube does. This is most 
likely a result of the fact that closed form solutions for the internal energy do not exist for these 
two cubes in compression and the comparison is therefore made to the numerical integration 
performed in EXCEL.
	 Next, the internal energy returned by the code for Equation-of-State Form 4 can be com-
pared to the result from a numerical integration performed using EXCEL, as no simple closed 
form solution for the internal energy from this EOS model exists. The following table makes this 
comparison, where the internal energy as extracted using GRIZ to a written output file has been 
replaced by the higher resolution representation available internally in GRIZ, so the comparison 
is not limited to 7 significant figures.

Table 25. Reference and Code Internal Energies for Equation-of-State Form 4
Time Code (GRIZ) Reference (Reference - GRIZ)/GRIZ

0.00E+00 1.000000047497E-03 1.00000000000E-03 -4.749699778E-08
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1.00E-03 1.037878333591E-03 1.03786906000E-03 -8.935141017E-06
2.00E-03 1.118558109738E-03 1.11838361237E-03 -1.560020549E-04
3.00E-03 1.037878333591E-03 1.03786908357E-03 -8.912432074E-06
4.00E-03 1.000000047497E-03 1.00000021981E-03 1.723126002E-07
5.00E-03 9.959134040400E-04 9.95913587433E-04 1.841460157E-07
6.00E-03 1.023421995342E-03 1.02342235407E-03 3.505135388E-07
7.00E-03 9.959134040400E-04 9.95913591548E-04 1.882771842E-07
8.00E-03 1.000000047497E-03 1.00000000834E-03 -3.915972438E-08

As the table demonstrates, the agreement between the two numerical integration schemes is quite 
good in tension, but not as good in compression. The degraded agreement in compression is most 
likely due to the presence of multiple higher order terms in µ in the expression for the internal 
energy and differences in convergence between the two integration schemes for these terms. Note 
that the availability of extra significant figures in the GRIZ extracted internal energy has not re-
sulted in an improvement in the agreement. 
	 This establishes the implementation of Equation-of-State Form 4 in DYNA3D. The equa-
tion-of-state is performing as expected, in that the pressure in the cubes increases as they are 
compressed and decreases as they are expanded. The behavior of each of the terms in the equa-
tion-of-state has been examined and found to be performing as expected and with good accuracy 
in most cases and reasonable accuracy in others (See results from Cubes 3 and 9). The behavior of 
the equation-of-state as a whole has been examined and is performing as expected and with good 
accuracy in tension and reasonable accuracy in compression.
	 The results obtained from the testing of Equation-of-State Form 4 are clearly not as good 
as the results obtained in testing the EOS models previously discussed in this document. In light 
of this result, the user should perhaps be warned that this EOS model is known to exhibit, under 
certain circumstances, a marked sensitivity to the value of the internal energy. Furthermore, while 
this sensitivity is relatively easy to test for in a constructed test suite such as is discussed here, 
such a sensitivity may prove far more difficult to diagnose in a real-world simulation.
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Equation-of-State Form 5

	 The next model to be tested was Equation-of-State Form 5, an equation-of-state that de-
fines the pressure as a ratio of two polynomials that are functions of both the excess compression, 
µ, and the internal energy, E. The form of the equation is as follows:

where each of the Fi are polynomials of the excess compression, µ, with the following form:

with n = 4 for F1 and F2 and n = 3 for F3 through F7. The excess compression, µ, is defined as usual:

µ = r/r0 - 1 = V0/V - 1

where r is the density (r0 the initial density) and V the volume (V0 the initial volume). In tension 
(µ < 0), the first term, F1, is replaced by F1 + bµ2. The polynomial form chosen for this equation-
of-state model (use of multiple terms that are second order or higher in µ and/or E) is one that 
will cause problems for the determination of the internal energy in DYNA3D and, as the pressure 
depends on the internal energy, may therefore also cause issues with the determination of the 
pressure. It is therefore recommended that code users be warned against the use of this equation-
of-state model until an improved method for determining the internal energy has been imple-
mented.
	 Equation-of-State Form 5 was tested using 11 cubes. The first cube comprised the simplest 
test, p = 1 + aµ in compression and, using the required replacement, p = (1 + bµ2)(1 + aµ) in ten-
sion. There are then 4 cubes testing each term in the numerator and an additional cube testing the 
sum of the 4 terms in the numerator. These are followed by three cubes testing each of the terms 
in the denominator and a cube testing the sum of the three terms in the denominator. Finally, 
there is a cube testing the full implementation of this equation-of-state model.
	 Prior to discussing the calculations using EOS Form 5, a few code issues need to be 
addressed and these are not necessarily readily apparent to the user.  First, in order to eliminate is-
sues with the work performed by the bulk viscosity, the two input coefficients for the bulk viscos-
ity on the material card were set to 1.0e-20 in each of the 11 cubes. Failing to do so results in the 
work performed on the cube being dominated by contributions from the bulk viscosity. Finally, 
the code version used for this test was version 14.2.0 revision 1.3306.
	 The input coefficients used for testing Equation-of-State Form 5 are for hydrogen (r0 
=0.085) and taken from Steinberg’s paper6, except that hydrogen has an accepted value of b=0.0. 
For testing purposes, b will be set to 0.1 for Cube 1 and to test the full implementation of the EOS 
model (Cube 11). The cubes are set up in the following manner: 
6 Steinberg, The Hydrodynamic Equations of State For the KOVEC code - Addendum 1, Addendum 
1 to UCID-17046-Rev 1, 1978.
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Cube 1: F11=F51=1.0, F2i=F3i=F4i=F6i=F7i=0.0, a=1, b=0.1, E0=2.507e-3 which tests the con-
tribution of the (1 + aµ) term in compression and (1 + aµ)(1+bµ2) term in expan-
sion by eliminating contributions from the polynomial terms

Cube 2: F1i taken from Steinberg, F51=1.0, F2i=F3i=F4i=F6i=F7i=0.0, a=0, b=0, E0=2.507e-3 
which tests the contribution of the first polynomial term in the numerator

Cube 3: F2i taken from Steinberg, F51=1.0, F1i=F3i=F4i=F6i=F7i=0.0, a=0, b=0, E0=2.507e-3 
which tests the contribution of the second polynomial term in the numerator

Cube 4: F3i taken from Steinberg, F51=10.0, F1i=F2i=F4i=F6i=F7i=0.0, a=0, b=0, E0=2.507e-3 
which tests the contribution of the third polynomial term in the numerator

Cube 5: F4i taken from Steinberg, F51=100.0, F1i=F2i=F3i=F6i=F7i=0.0, a=0, b=0, 
E0=2.507e-3 which tests the contribution of the third polynomial term in the numer-
ator

Cube 6: F1i, F2i, F3i, F4i taken from Steinberg, F51=100.0, F6i=F7i=0.0, a=0, b=0, E0=2.507e-3 
which tests the contribution of all of the polynomial terms in the numerator

Cube 7: F5i taken from Steinberg, F11=1.0, F2i=F3i=F4i=F6i=F7i=0.0, a=0, b=0, E0=2.507e-3 
which tests the contribution of the first polynomial term in the denominator

Cube 8: F6i taken from Steinberg, F11=1.0, F2i=F3i=F4i=F5i=F7i=0.0, a=0, b=0, E0=2.507e-3 
which tests the contribution of the second polynomial term in the denominator 

Cube 9: F7i taken from Steinberg and modified to eliminate time step crashes, F11=1.0, 
F2i=F3i=F4i=F5i=F6i=0.0, a=0, b=0, E0=2.507e-3 which tests the contribution of the 
third polynomial term in the denominator

Cube 10: F5i, F6i, F7i taken from Steinberg, F11=1.0, F1i=F2i= F3i=F4i =0.0, a=0, b=0, 
E0=2.507e-3 which tests the contribution of all of the polynomial terms in the de-
nominator

Cube 11: F1i, F2i, F3i, F4i, F5i, F6i,F7i taken from Steinberg, a=1.0, b=0.1, E0=2.507e-3 which 
tests the implementation of the full EOS model

The following table summarizes these values for the input coefficients for the 11 cubes comprising 
this test suite.

Table 26. Input coefficients for the testing of EOS Form 5
Cube F1i F2i F3i F4i F5i F6i F7i a b

1 F11=1 0 0 0 F51=1 0 0 1.0 0.1
2 F1i 0 0 0 F51=1 0 0 0 0
3 0 F2i 0 0 F51=1 0 0 0 0
4 0 0 F3i 0 F51=10 0 0 0 0
5 0 0 0 F4i F51=100 0 0 0 0
6 F1i F2i F3i F4i F51=100 0 0 0 0
7 F11=1 0 0 0 F5i 0 0 0 0
8 F11=1 0 0 0 0 F6i 0 0 0
9 F11=1 0 0 0 0 0 F7i 0 0

10 F11=1 0 0 0 F5i F6i F7i 0 0
11 F1i F2i F3i F4i F5i F6i F7i 1.0 0.1
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Entries in the table refer to the coefficients set for a particular cube, e.g., F1i means that the F1i 
coefficients were taken from the Steinberg paper and F11=1 means that only the F11 coefficient was 
set for that cube and the remaining F1i were equal to zero.
	 The following plot shows the pressures, as a function of time, for the 10 cubes that tested 
individual elements of Equation-of-State Form 5.

Figure 11. Code pressures for the tested elements of EOS Form 5 as a function of time

As the plot demonstrates, the contributions from the tested terms vary over several orders of 
magnitude.
	 Several observations may be made from the code output that are not readily apparent 
from the plot. In most cases, the pressure behaves as one would expect, increasing when the cube 
is compressed and decreasing when the cube is expanded. However, in Cubes 4 and 5, the code 
predicts the opposite behavior. This is not really alarming, as the equation-of-state model is not 
intended to be representative of reality when broken apart. A further illustration of this is given 
by Cubes 8, 9, and 10, in which the code predicted pressure decreases in both compression and 
expansion. Similar behavior is observed in the analytic modeling.
	 Using the normalized difference defined by equation 1, the agreement between the pres-
sures calculated using the theoretical expression and the results returned by the code is illustrated 
in the following table for Cube 6, which is a test of the numerator, as a function of time.

Table 27. Reference and Code Pressures for the numerator of EOS Form 5
Time Reference Pressure Code Pressure (Reference - Code)/Code

0.00E+00 2.7083239E-05 2.708323918E-05 1.8765102839E-15
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1.00E-03 2.7488275E-05 2.748827479E-05 2.6488496623E-11
2.00E-03 2.7918291E-05 2.791784784E-05 1.5873820463E-05
3.00E-03 2.7488275E-05 2.748827479E-05 7.8862145166E-11
4.00E-03 2.7083239E-05 2.708323917E-05 1.0682935517E-10
5.00E-03 2.6701314E-05 2.670131429E-05 1.3580752944E-10
6.00E-03 2.6340796E-05 2.634079607E-05 1.6578885788E-10
7.00E-03 2.6701314E-05 2.670131429E-05 1.9255936954E-10
8.00E-03 2.7083239E-05 2.708323917E-05 2.1816921559E-10

As the table clearly demonstrates, for this portion of the testing, the code pressures are in excel-
lent agreement with the reference results, with the level of agreement being better than about 2 
parts in 1010. An exception to this exists at the point of peak compression and is due to the code 
output not being reported at exactly the peak of the compression, which is used to perform the 
theoretical calculation.
	 Unfortunately, the level of agreement exhibited by the testing of Cube 6 is not observed 
in all of the testing of terms for this equation-of-state model. This is a result of the higher order 
terms being more important in some of the tests than in others. When these higher order terms 
become important, the code does not always return a good value for the internal energy. As the 
pressure is a strong function of the internal energy in this equation-of-state model, if the internal 
energy is incorrect, the pressure will be as well. An example of poor agreement between the code 
results and the reference calculation is shown in the following table for Brick 9, which tests the 
last term in the denominator.

Table 28. Reference and Code Pressures for last term in the denominator of EOS Form 5
Time Reference Pressure Code Pressure (Reference - Code)/Code

0.00E+00 1.7147079E+00 1.71470793E+00 1.8129177612E-15
1.00E-03 1.0946776E-01 1.09418103E-01 4.5379620746E-04
2.00E-03 6.9674221E-02 6.96782470E-02 -5.7778054135E-05
3.00E-03 1.0946776E-01 1.09402318E-01 5.9814336518E-04
4.00E-03 1.7147079E+00 1.61230584E+00 6.3512820559E-02
5.00E-03 1.1038900E-01 1.10407112E-01 -1.6403710074E-04
6.00E-03 6.8606631E-02 6.86094078E-02 -4.0479999142E-05
7.00E-03 1.1038900E-01 1.10389075E-01 -6.6727214041E-07
8.00E-03 1.7147079E+00 3.08933581E-02 5.4504096598E+01

As this table demonstrates, the results of testing this term are scattered and the worst agreement 
is exhibited by the return of the cube to its starting position. As will be demonstrated later, this 
poor agreement is a result of the inability of the code to determine the internal energy of the cube 
reliably.  The results of the testing of Equation-of-State Form 5 are essentially split in half, with 5 
of the cubes returning results similar to those exhibited in Table 27 and 5 cubes returning results 
more like those displayed in Table 28.
	 Now that the behavior of the tested terms has been examined, the behavior of the full 
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expression for Equation-of-State Form 5 can be investigated. The following plot displays the pres-
sure as a function of time for EOS Form 5 as tested in this simulation. 

Figure 12. Code pressures for Equation-of-State Form 5 as a function of time 

Note that the pressure returned by the code is behaving as one would expect, as the pressure is 
increasing when the cube is compressed and decreasing when the cube is expanded. A small 
exception to this should be noted at the peak of the tension, for which the code returns a pressure 
slightly greater than that on the ramp up to, and returning from, the peak. This same behavior is 
also observed in the reference calculations, as will be demonstrated below. Finally, for the choice 
of input coefficients tested, the pressure returned by EOS Form 5 is positive definite.
	 The following table compares the reference pressure to the code results as a function of 
time, relying on a numerical integration in EXCEL to provide the internal energy for the reference 
calculation of the pressure.

Table 29. Reference and Code Pressures for Equation-of-State Form 5
Time Reference Pressure Code Pressure (Reference - Code)/Code

0.00E+00 2.4503574E-03 2.45035738E-03 -1.769867829E-16
1.00E-03 2.6719720E-03 2.67197158E-03 1.703316199E-07
2.00E-03 2.9193193E-03 2.91905698E-03 8.987659836E-05
3.00E-03 2.6719720E-03 2.67197052E-03 5.675207596E-07
4.00E-03 2.4503574E-03 2.45035546E-03 7.823089252E-07
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5.00E-03 2.3258153E-03 2.32581311E-03 9.521792577E-07
6.00E-03 2.3449292E-03 2.34492680E-03 1.034749613E-06
7.00E-03 2.3258153E-03 2.32581230E-03 1.305629030E-06
8.00E-03 2.4503574E-03 2.45035371E-03 1.505292869E-06

As the table clearly demonstrates, the code results are in good agreement with the reference pre-
dictions, with the agreement being better than 2 parts in 106. This is not as good as the agreement 
exhibited by EOS Forms 1 and 2. It is more along the lines of the agreement exhibited by EOS 
Form 4, and it will be demonstrated below that this is largely due to the inability of the code to 
return a good value for the internal energy.
	 The code results for the internal energy can also be investigated for Equation-of-State 
Form 5. For the preset choice of input coefficients (a=b=0 for most of the cubes), a closed form 
solution exists for the internal energy for Cubes 1, 2, 3, 4, 5, 7, 8 and 9. The following table com-
pares the closed form solution for Cube 2 to the code results.

Table 30. Exact and Code Internal Energies for Cube 2 in Equation-of-State Form 5
Time Code (GRIZ) Closed Form (Closed - GRIZ)/GRIZ

0.00E+00 2.50700000E-03 2.5070000E-03 0.000000000E+00
1.00E-03 2.50737300E-03 2.5073729E-03 -3.857733274E-08
2.00E-03 2.50851500E-03 2.5085167E-03 6.734626177E-07
3.00E-03 2.50737300E-03 2.5073729E-03 -3.857733274E-08
4.00E-03 2.50700000E-03 2.5070000E-03 0.000000000E+00
5.00E-03 2.50736100E-03 2.5073610E-03 -1.054155200E-08
6.00E-03 2.50842100E-03 2.5084212E-03 7.256319242E-08
7.00E-03 2.50736100E-03 2.5073610E-03 -1.054155200E-08
8.00E-03 2.50700000E-03 2.5070000E-03 0.000000000E+00

The level of agreement is generally better than a few parts in 107, which is a good as can be ex-
pected with the number of significant digits reported by GRIZ. Unfortunately, this level of agree-
ment is not obtained for all of the testing, as shown in the following table for Cube 9, which tests 
the last term in the denominator.

Table 31. Exact and Code Internal Energies for Cube 9 in Equation-of-State Form 5
Time Code (GRIZ) Closed Form (Closed - GRIZ)/GRIZ

0.00E+00 2.50700000E-03 2.5070000E-03 0.000000000E+00
1.00E-03 9.92093000E-03 9.9186792E-03 -2.268727143E-04
2.00E-03 1.24184100E-02 1.2418747E-02 2.712340686E-05
3.00E-03 9.92164500E-03 9.9186792E-03 -2.989210275E-04
4.00E-03 2.58538800E-03 2.5070000E-03 -3.031962707E-02
5.00E-03 -9.87666900E-03 -9.8774796E-03 8.207354988E-05
6.00E-03 -1.25175400E-02 -1.2517793E-02 2.021769191E-05
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7.00E-03 -9.87747600E-03 -9.8774796E-03 3.658106403E-07
8.00E-03 1.86774200E-02 2.5070000E-03 -8.657737525E-01

Note that the level of agreement is now many orders of magnitude lower than that exhibited by 
Cube 2. Furthermore, the level of agreement exhibited by Cube 2 is observed only for Cubes 1, 
2, 5 and 6. It is worth noting that Cube 6 does not have a simple closed form solution, but uses a 
numerical integration performed in EXCEL to provide the internal energy comparison. Finally, if 
the closed form solution internal energies for Cube 9 are replaced by the code calculated internal 
energies (as reported by GRIZ) in the calculation of the pressure, the agreement with the code 
results for the pressure improves by more than three orders of magnitude from that demonstrated 
in Table 28. 
	 Finally, the internal energy returned by the code for Equation-of-State Form 5 can be 
compared to a numerical integration performed using EXCEL. This is done in the following table.

Table 32. Reference and Code Internal Energies for Equation-of-State Form 5
Time Code (GRIZ) Reference Energy (Reference - GRIZ)/GRIZ

0.00E+00 2.50700000E-03 2.50700000000E-03 0.000000000E+00
1.00E-03 2.58299800E-03 2.58299842067E-03 1.628597286E-07
2.00E-03 2.66420700E-03 2.66429253436E-03 3.210499799E-05
3.00E-03 2.58299700E-03 2.58299842225E-03 5.506182842E-07
4.00E-03 2.50699800E-03 2.50700000291E-03 7.989285542E-07
5.00E-03 2.43505500E-03 2.43505723651E-03 9.184623474E-07
6.00E-03 2.36319600E-03 2.36319907158E-03 1.299757026E-06
7.00E-03 2.43505400E-03 2.43505724502E-03 1.332625882E-06
8.00E-03 2.50699600E-03 2.50700001975E-03 1.603412985E-06

Note that the level of agreement is now about an order of magnitude lower than that exhibited 
by Cube 2. Finally, if the numerically integrated internal energies for EOS Form 5 are replaced by 
the code calculated internal energies (as reported by GRIZ) in the calculation of the pressure, the 
agreement with the code results for the pressure improves by about an order of magnitude from 
that demonstrated in Table 29. This demonstrates the sensitivity of the pressure from this equa-
tion-of-state model to the internal energy result.
	 As these results demonstrate, it is possible to get good agreement between the code re-
sults for the internal energy and either the closed form solutions (when they exist) or a numerical 
integration, but there appears to be no way to guarantee success. Furthermore, even for a simple 
element such as hydrogen, this equation-of-state model returns questionable results. These results 
are easily examined in this simple test suite, but a real-world calculation, with complex geome-
tries and more complex materials, would be expected to make such an analysis considerably more 
difficult. It is therefore recommended that code users be warned against the use of this equation-
of-state model until an improved method for determining the internal energy has been imple-
mented.
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Equation-of-State Form 6

	 The next model to be tested was Equation-of-State Form 6, a polynomial that is a function 
of the excess compression and is linear in the internal energy. The expression for EOS Form 6 is as 
follows: 

p = C0+C1 μ+C2 μ 2+C3 μ
3+(C4+C5 μ+C6 μ 2)E, 

where p is the pressure, µ is the excess compression (related to the density by μ = r/r0 - 1), and E 
is the specific internal energy (energy per unit initial volume). The tension-limited excess com-
pression, μ, is given by: 

μ =max(μ,0).

Equation-of-State Form 6 differs from EOS Form 1 through the addition of a load curve that 
transfers internal energy into the material at a specified rate. This feature allows energy transfer 
mechanisms to be included in the modeling.
	 Equation-of-State Form 6 was tested in the same manner as EOS Form 1, using 10 cubes, 
one for each of the coefficients (7 cubes), one for the sum of the first four terms, one for the sum 
of the last three terms (These two cubes are included because these are the quantities actually cal-
culated by DYNA3D.) and one for the full equation-of-state model. The 10 cubes are compressed 
hydrostatically to approximately 94% of the original volume, released back to the original volume, 
hydrostatically expended out to ~ 106% of the original volume and then released back to the orig-
inal state. 
	 Prior to discussing the calculations using EOS Form 6, a few code issues need to be ad-
dressed and these are not necessarily readily apparent to the user.  First, because the sound speed 
looks like dp/dr and µ is proportional to r, in order to avoid divide by zero issues in calculations 
using the sound speed, it is necessary that the C1 coefficient not be zero, so an input value of 1.0e-
20 was used for this coefficient when testing the other terms in the polynomial. In addition, in 
order to eliminate issues with the work performed by the bulk viscosity, the two input coefficients 
for the bulk viscosity on the material card were set to 1.0e-20 in each of the 10 cubes. Failing to 
do so results in the work performed on the cube being dominated by contributions from the bulk 
viscosity. Finally, the code version used for this test was version 14.2.0 revision 1.3306.
	 In order for the terms dependent on the internal energy to perform as expected, it is re-
quired to have an initial energy present in the simulation, so the initial internal energy was set to 
a value of 1.0e-3 in the cubes testing the terms dependent on the internal energy (Cubes 5, 6, 7, 9 
and 10). In the cubes testing the other coefficients (Cubes 1, 2, 3, 4 and 8), the initial internal en-
ergy was set to 1.0e-9. Two load curves were used in this simulation to add internal energy to the 
cubes. The first load curve used a constant rate of  1.0e-6 to add energy to the material in Cubes 1, 
2, 3, 4 and 8, while the second load curve used a constant rate of 1.0e-1 to add energy to Cubes 5, 
6, 7, 9 and 10.
	 Input coefficients for Equation-of-State Form 6 were developed for the purposes of this 
testing and are the same as used for testing EOS Form 1. The values were chosen so that the 
contribution from each term was of the same order of magnitude (with the exception of the first 
term, which is constant). The following values were used as input for the testing of the full im-
plementation of EOS Form 1: C0 = 1.0e-9, C1 = 1.224e-4, C2 = 1.2e-3, C3 = 1.3e-2, C4 = 1.1e-2, C5 
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= 2.4e-4 and C6 = 1.3.  The following table gives the values of the coefficients for each of the 10 
cubes in the test suite.

Table 33. Suite of test input coefficients for EOS Form 6
Cube C0 C1 C2 C3 C4 C5 C6

1 1.0e-9 1.0e-20 0 0 0 0 0
2 0 1.224e-4 0 0 0 0 0
3 0 1.0e-20 1.2e-3 0 0 0 0
4 0 1.0e-20 0 1.3e-2 0 0 0
5 0 1.0e-20 0 0 1.1e-2 0 0
6 0 1.0e-20 0 0 0 2.4e-4 0
7 0 1.0e-20 0 0 0 0 1.3
8 1.0e-9 1.224e-4 1.2e-3 1.3e-2 0 0 0
9 0 1.0e-20 0 0 1.1e-2 2.4e-4 1.3

10 1.0e-9 1.224e-4 1.2e-3 1.3e-2 1.1e-2 2.4e-4 1.3

As stated above, the intent of this test was to create a situation in which each term in the polyno-
mial was making essentially an equal contribution to the final pressure (with the exception of the 
C0 term, which represents a constant offset) and not to create a test that was reflective of any real 
material.
	 Each term in the polynomial was tested independently, then the sums of the first four 
terms and the last three terms, followed by testing of the EOS as a whole. The following plot con-
tains the pressure from each of the first four terms in the polynomial, as returned by the code, as a 
function of time for this simulation.

Figure 13. Code pressures for the first four coefficients of EOS Form 6 as a function of time
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As the plot demonstrates, each of the terms depending on µ returns a peak pressure on the order 
of 10-6 in compression and on the order of -10-6 in tension. Note that the C2 term depends on µ, 
not µ, and therefore makes no contribution to the pressure when the cube is in tension. These 
results, for the first four coefficients, bear a striking resemblance to the results obtained from 
the testing of the first four coefficients of EOS Form 1, which is to be expected, as the pressures 
returned by these terms do not depend on the internal energy.
	 The following observations can be made from the code output. Coefficient 0 represents a 
constant pressure offset and was set to a value of 1.0e-9 in the first cube. To better than 1 part in 
1012, the cube remains at this pressure during the cycling of its volume. Coefficient 1 is linear in 
the excess compression. It should therefore return zero pressure when the compression is zero, 
return a positive value when the cube is compressed and should be negative when the cube is ex-
panded, which is reflected in the code output. Coefficient 2 goes as the square of the tension-lim-
ited excess compression and should therefore only return positive pressures when the cube is 
compressed, which is what the code returns. Coefficient 3 is proportional to the cube of the excess 
compression. It should therefore return zero pressure when the compression is zero, return a 
positive value when the cube is compressed and should be negative when the cube is expanded, 
which is reflected in the code output. Therefore, the code output is behaving qualitatively as ex-
pected.
	 Using the normalized difference defined by equation 1, the agreement between the pres-
sures calculated using the theoretical expression and the results returned by the code is illustrated 
in the following table for Cube 4, which is a test of the C3 coefficient, as a function of time.

Table 34. Exact and Code pressures for the C3 coefficient of EOS Form 6
Time Theoretical Pressure Code Pressure (Theoretical - Code)/Code

0.00E+00 0.00000000E+00 0.0000000000E+00 0.0000000000E+00
1.00E-03 3.72854867E-07 3.7285486684E-07 3.3093714355E-12
2.00E-03 3.17115814E-06 3.1711581418E-06 1.8139116650E-12
3.00E-03 3.72854867E-07 3.7285486684E-07 4.0495358981E-12
4.00E-03 0.00000000E+00 0.0000000000E+00 0.0000000000E+00
5.00E-03 -3.30690617E-07 -3.3069061706E-07 -1.6858854446E-12
6.00E-03 -2.49440158E-06 -2.4944015822E-06 -1.9287780984E-13
7.00E-03 -3.30690617E-07 -3.3069061706E-07 8.9649211755E-13
8.00E-03 0.00000000E+00 0.0000000000E+00 0.0000000000E+00

As the table clearly demonstrates, the predictions of theoretical expression and the code results 
are in excellent agreement. Note that the two differences representing the cube returning to its 
starting position have been artificially set to zero. Similar levels of agreement are exhibited be-
tween the theoretical expression and the code results for the C0, C1 and C2 coefficient terms. In 
fact, the results of testing these coefficients appears to be identical to the results obtained from the 
testing of EOS Form 1.
	 Given that the pressure returned by non-zero values of coefficients C4 though C6 is depen-
dent on the internal energy, and this equation-of-state model includes a mechanism for moving 
energy into the material, it is expected that the results of testing these next terms will differ from 
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the results obtained in testing EOS Form 1. The next plot displays the pressure from each of the 
last three terms in the polynomial, as returned by the code, as a function of time for this simula-
tion.

Figure 14. Code pressures for the last three coefficients of EOS Form 6 as a function of time
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al to the square of the tension-limited excess compression. It should therefore only return posi-
tive pressures when the cube is compressed, which is what the code returns. Therefore, the code 
output is behaving qualitatively as expected.
	 Using the earlier definition for the normalized difference, the agreement between the ref-
erence expression and the code result can be quantified as illustrated in the following table for the 
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C5 coefficient.

Table 35. Reference and Code pressures for the C5 coefficient of EOS Form 6
Time Reference Pressure Code Pressure (Reference - Code)/Code

0.00E+00 0.00000000E+00 0.0000000E+00 0.000000E+00
1.00E-03 8.08116471E-07 8.0811648E-07 -1.090474E-08
2.00E-03 1.79956849E-06 1.7995685E-06 -2.201588E-08
3.00E-03 9.55043065E-07 9.5504309E-07 -2.977672E-08
4.00E-03 0.00000000E+00 -3.2006266E-18 0.000000E+00
5.00E-03 -1.05876174E-06 -1.0587618E-06 -4.596441E-08
6.00E-03 -2.21490596E-06 -2.2149061E-06 -5.425837E-08
7.00E-03 -1.19992697E-06 -1.1999270E-06 -6.029304E-08
8.00E-03 0.00000000E+00 -6.2925262E-18 0.000000E+00

Note that the agreement between the code and reference results, while still quite good, is orders of 
magnitude lower than that achieved from the testing of EOS Form 1 and from the testing of the 
first four coefficients reported in Table 34. This is clearly the result of the added internal energy, 
and while this should not present an issue, no attempt was made to ensure that the analytical 
model handles the additional energy in exactly the same manner as the code. Similar levels of 
agreement are exhibited between the reference expression and the code results for the C4 and C6 
coefficient terms.
	 Now that the behavior of each of the individual terms in the expression for Equation-of-
State Form 6 has been investigated, the behavior of the full expression can be examined. The fol-
lowing plot contains the pressure returned by the code for the full equation-of-state as a function 
of time. 
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Figure 15. Code pressures for EOS Form 6 as a function of time

Note that the pressure is behaving as one would expect, in that the pressure increases as the cube 
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Time Reference Pressure Code Pressure (Reference - Code)/Code
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6.00E-03 5.824045126E-06 5.824053120E-06 -1.372600E-06
7.00E-03 1.356521395E-05 1.356522374E-05 -7.219220E-07
8.00E-03 1.980079570E-05 1.980080720E-05 -5.811605E-07

As demonstrated in the table, the code results agree with the reference expression to better than 
5 parts in 107 across the range of pressures tested. Note that these results are strikingly similar to 
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those obtained from the testing of EOS Form 1. These results establish confidence in the pressures 
returned by the implementation of Equation-of-State Form 6 in DYNA3D.
	 An exception to these results occurs at the peak tension point. This is most likely due to 
the fact that this point involves the difference of two small numbers but could also be due to the 
code output not being reported at exactly the peak of the tension.  
	 The code results for the internal energy can also be examined for this equation-of-state. A 
simple, closed form solution for the internal energy can be realized for the first four coefficients, 
while the addition of a term that feeds energy into the cubes prevents the creation of such a solu-
tion for the last three coefficients, as well as the full equation-of-state model. The following table 
compares the code result for the internal energy in Cube 2 (the C1 term) with the closed form 
solution for this term.

Table 37. Exact and Code Internal Energies for Cube 2 in Equation-of-State Form 6
Time Code (GRIZ) Closed Form (Closed - GRIZ)/GRIZ

0.00E+00 1.00000000E-09 1.000000000E-09 0.000000000E+00
1.00E-03 5.70809200E-08 5.708092541E-08 9.470282503E-08
2.00E-03 2.23334900E-07 2.233349270E-07 1.208639386E-07
3.00E-03 5.90809300E-08 5.908092541E-08 -7.776241206E-08
4.00E-03 5.00000000E-09 5.000000000E-09 0.000000000E+00
5.00E-03 6.10809100E-08 6.108091072E-08 1.173345964E-08
6.00E-03 2.27334500E-07 2.273344568E-07 -1.898400420E-07
7.00E-03 6.30809100E-08 6.308091072E-08 1.136144663E-08
8.00E-03 9.00000000E-09 9.000000000E-09 1.838179139E-16

The agreement between the code results and the closed form solution is better than 2 parts in 107 
and is similar to the results obtained from coefficients C0, C2 and C3. These results are also similar 
to those obtained from the testing of EOS Form 1 and are limited by the accuracy of the GRIZ 
output.
	 As stated above, the addition of a source term for the internal energy precludes the cre-
ation of a simple, closed form solution for the internal energy for the last three coefficients in this 
equation-of-state model. The following table compares the code result for the internal energy due 
to the C5 coefficient (Cube 6) to the result of a numerical integration performed in EXCEL.

Table 38. Reference and Code Internal Energies for Cube 6 in EOS Form 6
Time Code (GRIZ) Reference Energy (Reference - GRIZ)/GRIZ

0.00E+00 1.00000000E-03 1.00000000E-03 0.000000E+00
1.00E-03 1.10001200E-03 1.10001151E-03 -4.470303E-07
2.00E-03 1.20004900E-03 1.20004894E-03 -5.165814E-08
3.00E-03 1.30000900E-03 1.30000860E-03 -3.066255E-07
4.00E-03 1.39999400E-03 1.39999419E-03 1.335316E-07
5.00E-03 1.50001000E-03 1.50001001E-03 7.457681E-09
6.00E-03 1.60006000E-03 1.60006040E-03 2.491204E-07
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7.00E-03 1.70000700E-03 1.70000710E-03 5.734309E-08
8.00E-03 1.79998800E-03 1.79998836E-03 1.994603E-07

As expected, agreement between the two numbers is at the level of a few parts in 107. This level of 
agreement is similar to that obtained for the C4 and C6 coefficients, as well. These results are also 
similar to those obtained from the testing of EOS Form 1, which exhibited a closed form solution 
for these coefficients.
	 The internal energy of the full EOS model can also be investigated through the numerical 
integration in EXCEL and the following table compares the code results to those of the EXCEL 
integration.

Table 39. Reference and Code Internal Energies for EOS Form 6
Time Code (GRIZ) Reference Energy (Reference - GRIZ)/GRIZ

0.00E+00 1.00000000E-03 1.00000000E-03 0.000000E+00
1.00E-03 1.10043600E-03 1.10043602E-03 1.873293E-08
2.00E-03 1.20122600E-03 1.20122556E-03 -3.671769E-07
3.00E-03 1.30039500E-03 1.30039394E-03 -8.168234E-07
4.00E-03 1.39985400E-03 1.39985375E-03 -1.769220E-07
5.00E-03 1.49944500E-03 1.49944389E-03 -7.377377E-07
6.00E-03 1.59917100E-03 1.59916962E-03 -8.611637E-07
7.00E-03 1.69947600E-03 1.69947470E-03 -7.677262E-07
8.00E-03 1.79998300E-03 1.79998143E-03 -8.739916E-07

As expected, agreement between the two numbers is, in general, at the level of a few parts in 107. 
These results are also similar to those obtained from the testing of EOS Form 1, which combined 
the closed form solution for the C4, C5 and C6 coefficients with a numerical integration of the con-
tribution from the C0, C1, C2 and C3 coefficients.
	 This establishes the implementation of Equation-of-State Form 6 in DYNA3D. The equa-
tion-of-state is performing as expected, in that the pressure in the cubes increases as they are 
compressed and decreases as they are expanded. The addition of a source term for the internal en-
ergy has been tested and found to be performing as expected. The behavior of each of the terms in 
the equation-of-state has been examined and found to be performing as expected and with good 
accuracy. The behavior of the equation-of-state as a whole has been examined and is performing 
as expected and with good accuracy.
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Equation-of-State Form 7

	 Equation-of-State Form 7 has been superseded by EOS Form 13.
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Equation-of-State Form 9

	 The next model to be tested was Equation-of-State Form 9. Testing will move slightly out 
of numerical order because although EOS Form 8 is appears to be an extension of EOS Form 9, 
EOS Form 9 is actually a simplified version of EOS Form 8. In either case, it makes sense logically 
to test EOS Form 9 first.
	 Equation-of-State Form 9 is a tabulated equation-of-state that is linear in the internal en-
ergy. The form of the equation for the pressure, p, is

p = C(en) + gT(en)E

where E is the internal energy and en is the volumetric strain, defined by en=ln(V), where V is the 
relative volume. The C(en) and T(en) represent function evaluations from the tabulated data and 
the input Ci(en) therefore have the units of pressure. As there are two terms in EOS Form 9, this 
equation-of-state model will be tested with 3 cubes, one for each term (2 cubes) and one for the 
full equation-of-state model. The 3 cubes use the same compression and expansion as that used 
for the testing of EOS Form 1.
	 Prior to discussing the calculations using EOS Form 9, a few code issues need to be 
addressed and these are not necessarily readily apparent to the user.  First, in order for the term 
dependent on the internal energy to perform as expected, it is required to have an initial energy 
present in the simulation, so the initial internal energy was set to a value of 1.0e-3 in all of the 
cubes. In addition, in order to eliminate issues with the work performed by the bulk viscosity, the 
two input coefficients for the bulk viscosity on the material card were set to 1.0e-20 in each of the 
3 cubes. Failing to do so results in the work performed on the cube being dominated by contribu-
tions from the bulk viscosity. Also, in order to correctly calculate the sound speed, it is necessary 
to use non-zero values for the C(en) coefficients, so these were set to very small values for the test-
ing of the second term using Cube 2. Finally, the code version used for this test was version 14.2.0 
revision 1.3312b.
	 Input coefficients for Equation-of-State Form 9 were chosen such that the contribution to 
the pressure from the two terms was of the same order of magnitude as a function of time during 
the compression and expansion of the cubes. The input coefficients were also chosen to be linear 
in the volumetric strain and are in fact just scaled by multiples of 10 from each other. The follow-
ing table lists the (truncated) values of the input coefficients for each of the cubes in the testing of 
EOS Form 9.

Table 40. Suite of test input coefficients for EOS Form 9
Cube

1 en -6.19e-2 -4.08e-2 -2.02e-2 0.00 1.98e-2 3.92e-2 5.83e-2 7.70e-2
1 C(en) 6.19e-4 4.08e-4 2.02e-4 0.00 -1.98e-4 -3.92e-4 -5.83e-4 -7.70e-4
1 T(en) 61.9 40.8 20.2 0.00 -19.8 -39.2 -58.3 -77.0
1 g 0.0
2 en -6.19e-2 -4.08e-2 -2.02e-2 0.00 1.98e-2 3.92e-2 5.83e-2 7.70e-2
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2 C(en) 6.19e-10 4.08e-10 2.02e-10 0.00 -1.98e-10 -3.92e-10 -5.83e-10 -7.70e-10
2 T(en) 61.9 40.8 20.2 0.00 -19.8 -39.2 -58.3 -77.0
2 g 0.01
3 en -6.19e-2 -4.08e-2 -2.02e-2 0.00 1.98e-2 3.92e-2 5.83e-2 7.70e-2
3 C(en) 6.19e-4 4.08e-4 2.02e-4 0.00 -1.98e-4 -3.92e-4 -5.83e-4 -7.70e-4
3 T(en) 61.9 40.8 20.2 0.00 -19.8 -39.2 -58.3 -77.0
3 g 0.01

	 The two terms in the equation-of-state were tested (almost) independently, given the re-
quirement on the C(en) coefficients, then the full equation-of-state model was tested. The follow-
ing plot displays the pressures from the first two terms, as returned by the code, as a function of 
time for this simulation.

Figure 16. Code pressures for the two terms of EOS Form 9 as a function of time 
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the code is demonstrated in the following table for the second term as a function of time. 

Table 41. Exact and Code pressures for the second term of EOS Form 9 
Time Theoretical Pressure Code Pressure (Theoretical - Code)/Code

0.00E+00 0.00000000E+00 3.552716264E-20 0.0000000000E+00
1.00E-03 3.02856624E-04 3.028566253E-04 -5.1001852331E-09
2.00E-03 6.16868695E-04 6.168687065E-04 -1.7863979875E-08
3.00E-03 3.02856624E-04 3.028566253E-04 -5.0991782019E-09
4.00E-03 0.00000000E+00 -3.996806885E-16 0.0000000000E+00
5.00E-03 -2.99870062E-04 -2.998700631E-04 -3.6520505671E-09
6.00E-03 -6.05088168E-04 -6.050881791E-04 -1.8600190099E-08
7.00E-03 -2.99870062E-04 -2.998700631E-04 -3.6520505671E-09
8.00E-03 0.00000000E+00 -2.975400681E-16 0.0000000000E+00

As the table demonstrates, the agreement between the theoretical results and the code predictions 
is better than 2 parts in 108, representing very good agreement. The level of agreement observed 
for this term is 4 to 5 orders of magnitude lower than the agreement exhibited for the first term in 
EOS Form 9, which is most likely due to the numerical integration of the internal energy, as will 
be demonstrated below. Note that since the pressure due to the first term is not dependent on the 
internal energy, it is unaffected by the code’s determination of the internal energy.
	 Now that the behavior of the pressure resulting from each of the individual terms in the 
expression for Equation-of-State Form 9 has been investigated, the behavior of the full expression 
can be examined. The following plot displays the pressure returned by the code as a function of 
time for EOS Form 9.
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Figure 17. Code pressures for EOS Form 9 as a function of time

Note that the pressure is behaving as one would expect, in that the pressure increases as the cube 
is compressed, decreases as the compression is released, further decreases as the cube is placed 
into tension and then increases as the tension is released. In addition, the pressure returns to the 
initial value when the cube returns to its starting position.
	 The following table compares the pressure returned by the code as a function of time for 
the full expression for Equation-of-State Form 9 to that predicted by the reference expression.

Table 42. Exact and Code pressures for EOS Form 9
Time Reference Pressure Code Pressure (Reference - Code)/Code

0.00E+00 0.000000E+00 6.2632191100E-20 0.0000000000E+00
1.00E-03 6.057126E-04 6.0571264468E-04 -1.3607855291E-08
2.00E-03 1.233736E-03 1.2337361791E-03 -1.0491887991E-07
3.00E-03 6.057127E-04 6.0571264468E-04 3.9923632596E-08
4.00E-03 0.000000E+00 -1.3056222768E-15 0.0000000000E+00
5.00E-03 -5.997395E-04 -5.9973952672E-04 -1.3270471878E-08
6.00E-03 -1.210175E-03 -1.2101751477E-03 -1.1150687237E-07
7.00E-03 -5.997396E-04 -5.9973952672E-04 4.4551669176E-08
8.00E-03 0.000000E+00 -9.1482377220E-16 0.0000000000E+00

As the table demonstrates, the agreement between the reference results and the code predictions 
is better than 2 parts in 107, representing very good agreement. The level of agreement observed 
for the pressures resulting from EOS Form 9 is similar to the level of agreement between observed 
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between an EXCEL numerical integration of the internal energy and the code prediction for the 
internal energy. Therefore, the level of agreement exhibited by the pressure for EOS Form 9 is 
most likely due to the numerical integration of the internal energy, as will be demonstrated below.
	 The code results for the internal energy can also be examined for this equation-of-state 
model. As the pressure for the first term is independent of the internal energy, we shall only re-
port that the agreement between the closed form solution and the code prediction for the internal 
energy due to this term is better than 2 parts in 107, which is basically what is expected given the 
limitations of the GRIZ output used to acquire the internal energy. If one ignores the small contri-
bution from the C(en) coefficients, the following expression gives the closed form solution for the 
internal energy due to the second term of EOS Form 9.

E = exp(1000g(VlnV - V + 1) + lnE0)

The following table compares the closed form solution for the internal energy to the code predic-
tion for the second term of EOS Form 9. 

Table 43. Exact and Code Internal Energies for the second term of EOS Form 9
Time Code (GRIZ) Closed Form (Closed - GRIZ)/GRIZ

0.00E+00 1.00000000E-03 1.00000000E-03 2.168404E-16
1.00E-03 1.00446500E-03 1.00446501E-03 1.369026E-08
2.00E-03 1.01779800E-03 1.01779773E-03 -2.653158E-07
3.00E-03 1.00446500E-03 1.00446501E-03 1.369026E-08
4.00E-03 1.00000000E-03 1.00000000E-03 2.168404E-16
5.00E-03 1.00455500E-03 1.00455542E-03 4.174679E-07
6.00E-03 1.01853100E-03 1.01853080E-03 -1.979068E-07
7.00E-03 1.00455500E-03 1.00455542E-03 4.174679E-07
8.00E-03 1.00000000E-03 1.00000000E-03 2.168404E-16

As the table demonstrates, the level of agreement between the closed form solution and the code 
results for the internal energy is better than 2 parts in 107, which then represents the limit with 
which the code can match the theoretical expression for the pressure, which uses the closed form 
solution for the internal energy to determine the pressure. The fact that the code results for the 
pressure resulting from this term actually exhibit somewhat better agreement with the theoretical 
pressure than this is not immediately explainable.
	 Due to the form of the equation-of-state model, there is no simple closed form solution 
for the internal energy due to the full expression for the equation-of-state. A numerical integra-
tion was performed in EXCEL to compare against the code results. The following table gives the 
result of that comparison. 

Table 44. Reference and Code Internal Energies for EOS Form 9 
Time Code (GRIZ) Reference Energy (Reference - GRIZ)/GRIZ

0.00E+00 1.00000000E-03 1.000000E-03 0.000000E+00
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1.00E-03 1.00893000E-03 1.008930E-03 8.452814E-10
2.00E-03 1.03559500E-03 1.035595E-03 2.383265E-07
3.00E-03 1.00893000E-03 1.008930E-03 1.074310E-07
4.00E-03 1.00000000E-03 1.000000E-03 2.150828E-07
5.00E-03 1.00911100E-03 1.009111E-03 -1.871172E-07
6.00E-03 1.03706200E-03 1.037061E-03 -6.073641E-07
7.00E-03 1.00911100E-03 1.009111E-03 -7.199445E-08
8.00E-03 1.00000000E-03 1.000000E-03 2.288180E-07

As the table demonstrates, the level of agreement between the EXCEL numerical integration and 
the code results for the internal energy is better than 6 parts in 107, which then represents a limit 
with which the code can match the reference expression for the pressure, which uses the EXCEL 
numerical integration for the internal energy to determine the reference pressure. A factor of 
two improvement in the normalized difference can be explained by the fact that the pressure due 
to the first term is calculated essentially exactly by the code. This is approximately the difference 
between the two tables, except for two of the points under tension, and so the improvement in 
agreement is not readily understood.
	 This establishes the implementation of Equation-of-State Form 9 in DYNA3D. The equa-
tion-of-state is performing as expected, in that the pressure in the cubes increases as they are 
compressed and decreases as they are expanded. The behavior of each of the terms in the equa-
tion-of-state has been examined and found to be performing as expected and with good accuracy. 
The behavior of the equation-of-state as a whole has been examined and is performing as expect-
ed and with good accuracy.
	 Author’s Note: Two things were revealed in the testing of Equation-of-State Form 9. The 
first is that if the pressure returned by the code is dominated by the contribution of the second term, 
which depends on the internal energy, the accuracy of the code suffers somewhat due to the depen-
dence on the numerical integration to find the internal energy. This can be compensated for by using 
smaller time steps and is easily observed in a simple test such as this. Determining if such a situation 
exists in a real world calculation may be somewhat more difficult.
	 The second item of note is that testing of this equation-of-state revealed an error in the code 
for this EOS model. The error, which involved the manner in which g was handled inside subroutines, 
was found to exist in code versions dating back to 1996 (the oldest code versions easily obtainable). 
Therefore, for perhaps more than 20 years, this equation-of-state model has not been performing 
correctly within DYNA3D. As of code version 14.2.0 revision 1.3312b, this issue has been corrected.
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Equation-of-State Form 8

	 The next model to be tested was Equation-of-State Form 8. Although EOS Form 8 is ap-
pears to be an extension of EOS Form 9, EOS Form 9 was actually put into DYNA3D as a simpli-
fied version of EOS Form 8. 
	 Equation-of-State Form 8 is a tabulated equation-of-state that is linear in the internal en-
ergy. The form of the equation for the pressure, p, is

p C T E K,ε ε ε γ ε ε ε ε( ) ( ) ( ) ( ) ( )= + + × −ν νν ν ν ν ν

    

where E is the internal energy and en is the volumetric strain, defined by en = ln(V), where V is the 
relative volume. C(en), T(en) and K(en) represent function evaluations from the tabulated data and 
the input C(en) therefore have the units of pressure. The minimum volumetric strain, ε!

ν
 , is given 

by the following expression: 

t tmin ( ) ,0ε ε τ τ( ) =   ≤ ≤νν



Note that the pressure is positive in compression and the volumetric strain is positive in tension. 
Also, the code expects the material to become stiffer with increasing compression and will issue a 
warning if the unloading bulk moduli do not fulfill this requirement.
	 It is important to note that in this equation-of-state model unloading occurs along a line 
using the interpolated value of the unloading bulk modulus that corresponds to the most com-
pressive volumetric strain experienced by the system. To put this bluntly, the system unloads at 
the point at which the compression is relieved and unloads along a path that is probably different 
than the loading line and may not be linear if the contribution from the second term in the equa-
tion is important because the internal energy continues to evolve along the unloading/reloading 
path.
	 As there are really only two terms in EOS Form 8, this equation-of-state model will be 
tested with 3 cubes, one for each term (2 cubes) and one for the full equation-of-state model. 
However, due to the unloading/reloading behavior introduced by the bulk unloading moduli, the 
cubes do not use the same drive that has been used in all the previous tests. Instead, the cubes are 
compressed by moving all 8 nodes in 0.004 cm, releasing the nodes back to 0.001 cm, moving the 
nodes in 0.007 cm, releasing back to 0.001 cm, moving in to 0.01 cm, releasing back to 0.005 cm 
and then compressing back to 0.01 cm. This series of compressions and releases tests the unload-
ing/reloading behavior introduced into this equation-of-state model.
	 Prior to discussing the calculations using EOS Form 8, a few code issues need to be ad-
dressed and these are not necessarily readily apparent to the user.  First, in order for the term 
dependent on the internal energy to perform as expected, it is required to have an initial energy 
present in the simulation, so the initial internal energy was set to a value of 1.0e-3 in all of the 
cubes. In addition, in order to eliminate issues with the work performed by the bulk viscosity, the 
two input coefficients for the bulk viscosity on the material card were set to 1.0e-20 in each of the 
3 cubes. Failing to do so results in the work performed on the cube being dominated by contribu-
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tions from the bulk viscosity. Also, in order to correctly calculate the sound speed, it is necessary 
to use non-zero values for the C(en) coefficients, so these were set to very small values for the test-
ing of the second term using Cube 2. Finally, the code version used for this test was version 15.2.0 
revision 1.3377. 
	 The input coefficients for Equation-of-State Form 8 chosen were the same as those used 
for the testing of EOS Form 9 and are such that the contribution to the pressure from the two 
terms was of the same order of magnitude as a function of time during the compression and ex-
pansion of the cubes. The input coefficients were also chosen to be linear in the volumetric strain 
and are in fact just scaled by multiples of 10 from each other. The additional unloading bulk mod-
uli were chosen to be linear in the relative volume. The following table lists the (truncated) values 
of the input coefficients for each of the cubes in the testing of EOS Form 8.

Table 45. Suite of test input coefficients for EOS Form 8
Cube

1 en -6.19e-2 -4.08e-2 -2.02e-2 0.00 1.98e-2 3.92e-2 5.83e-2 7.70e-2
1 C(en) 6.19e-4 4.08e-4 2.02e-4 0.00 -1.98e-4 -3.92e-4 -5.83e-4 -7.70e-4
1 T(en) 61.9 40.8 20.2 0.00 -19.8 -39.2 -58.3 -77.0
1 g 0.0
1 K(en) 0.018 0.016 0.014 0.012 0.010 0.008 0.006 0.004
2 en -6.19e-2 -4.08e-2 -2.02e-2 0.00 1.98e-2 3.92e-2 5.83e-2 7.70e-2
2 C(en) 6.19e-10 4.08e-10 2.02e-10 0.00 -1.98e-10 -3.92e-10 -5.83e-10 -7.70e-10
2 T(en) 61.9 40.8 20.2 0.00 -19.8 -39.2 -58.3 -77.0
2 g 0.01
2 K(en) 0.018 0.016 0.014 0.012 0.010 0.008 0.006 0.004
3 en -6.19e-2 -4.08e-2 -2.02e-2 0.00 1.98e-2 3.92e-2 5.83e-2 7.70e-2
3 C(en) 6.19e-4 4.08e-4 2.02e-4 0.00 -1.98e-4 -3.92e-4 -5.83e-4 -7.70e-4
3 T(en) 61.9 40.8 20.2 0.00 -19.8 -39.2 -58.3 -77.0
3 g 0.01
3 K(en) 0.018 0.016 0.014 0.012 0.010 0.008 0.006 0.004

	 The two terms in the equation-of-state were tested (almost) independently, given the re-
quirement on the C(en) coefficients, then the full equation-of-state model was tested. The follow-
ing plot displays the pressures from the first two terms, as returned by the code, as a function of 
time for this simulation.
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Figure 18. Code pressures for the two terms of EOS Form 8 as a function of time 

As the plot demonstrates, not only are both terms contributing pressures on the order of 6x10-4 at 
the peak of the compression, but the contributions of the two terms are nearly identical.
	 The following observations may be made from the plot. Both terms contribute an increase 
in the pressure as the cubes are compressed and both exhibit a decrease in pressure as the cubes 
are expanded, as expected. In addition, given the choice of input coefficients, the pressure of both 
cubes should be zero at the beginning of the simulation and this behavior is also observed. Final-
ly, although not obvious from the plot, the slope of the unloading/reloading lines differ from the 
slope of the monotonic path, which is expected given the choice of input coefficients. Therefore, at 
least qualitatively, the code output is behaving as expected.
	 Using the normalized difference defined in by equation 1, the agreement between the 
pressures for the second term as calculated using the reference expression and the results returned 
by the code is demonstrated in the following table as a function of time, using the expected value 
for the bulk unloading modulus.

Table 46. Reference and Code Pressures for the second term of EOS Form 8
Time Reference Pressure Code Pressure (Reference - Code)/Code

0.00E+00 0.00000000E+00 0.00000000E+00 0.0000000000E+00
1.00E-03 1.20327020E-04 1.20327020E-04 -1.2115993482E-09
2.00E-03 2.41654811E-04 2.41654812E-04 -3.4828064011E-09
3.00E-03 1.54479117E-04 1.54498242E-04 -1.2379129097E-04
4.00E-03 6.76014835E-05 6.76396958E-05 -5.6493873144E-04
5.00E-03 -1.89782172E-05 -1.89209564E-05 3.0263133254E-03
6.00E-03 6.76014835E-05 6.76396958E-05 -5.6494005193E-04
7.00E-03 1.54479117E-04 1.54498242E-04 -1.2379186936E-04
8.00E-03 2.41654812E-04 2.41654812E-04 -1.8056829056E-09
9.00E-03 3.02856625E-04 3.02856625E-04 -1.8324738773E-09
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1.00E-02 3.64504043E-04 3.64504044E-04 -1.9310947902E-09
1.10E-02 4.26662669E-04 4.26662670E-04 -2.0768385747E-09
1.20E-02 3.27605963E-04 3.27614326E-04 -2.5526606022E-05
1.30E-02 2.28989226E-04 2.29005934E-04 -7.2957346934E-05
1.40E-02 1.30812541E-04 1.30837576E-04 -1.9134643134E-04
1.50E-02 3.30759852E-05 3.31093311E-05 -1.0071439287E-03
1.60E-02 -6.42203652E-05 -6.41787258E-05 6.4880388985E-04
1.70E-02 -1.61076437E-04 -1.61026521E-04 3.0998623003E-04
1.80E-02 -6.42203655E-05 -6.41787258E-05 6.4880868975E-04
1.90E-02 3.30759840E-05 3.31093311E-05 -1.0071810769E-03
2.00E-02 1.30812538E-04 1.30837576E-04 -1.9136754777E-04
2.10E-02 2.28989221E-04 2.29005934E-04 -7.2978759574E-05
2.20E-02 3.27605955E-04 3.27614326E-04 -2.5549953667E-05
2.30E-02 4.26662658E-04 4.26662670E-04 -2.7847823843E-08
2.40E-02 4.89398502E-04 4.89398521E-04 -3.7561261000E-08
2.50E-02 5.52778113E-04 5.52778140E-04 -4.9069065170E-08
2.60E-02 6.16868668E-04 6.16868706E-04 -6.2470786642E-08
2.70E-02 5.05542241E-04 5.05549532E-04 -1.4422050299E-05
2.80E-02 3.94820409E-04 3.94834938E-04 -3.6795436668E-05
2.90E-02 2.84703298E-04 2.84725047E-04 -7.6388726198E-05
3.00E-02 1.75191019E-04 1.75219975E-04 -1.6525569023E-04
3.10E-02 6.62836757E-05 6.63198228E-05 -5.4504252767E-04
3.20E-02 1.75191018E-04 1.75219975E-04 -1.6525961971E-04
3.30E-02 2.84703295E-04 2.84725047E-04 -7.6398390889E-05
3.40E-02 3.94820403E-04 3.94834938E-04 -3.6811101536E-05
3.50E-02 5.05542230E-04 5.05549532E-04 -1.4443778398E-05
3.60E-02 6.16868651E-04 6.16868706E-04 -9.0265217497E-08

As the table demonstrates, the agreement between the reference expression and the code results 
is very good along the monotonic portion of the loading line, where the agreement is better than 
about 6 parts in 108. However, the agreement along the unloading/reloading lines is dramatical-
ly poorer, with the agreement being as poor as 1 part in 103.  This appears to be due to the code 
using a slightly different value for the bulk unloading modulus than was used in the theoretical 
model, since if the differences along the unloading/reloading lines are minimized in the reference 
model, the agreement improves dramatically, as demonstrated in the following table. 

Table 47. Reference and Code Pressures for the second term of EOS Form 8 using min K(en)
Time Reference Pressure Code Pressure (Reference - Code)/Code

0.00E+00 0.00000000E+00 0.000000000E+00 0.0000000000E+00
1.00E-03 1.20327020E-04 1.203270205E-04 -1.2115993482E-09
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2.00E-03 2.41654811E-04 2.416548123E-04 -3.4828064011E-09
3.00E-03 1.54498242E-04 1.544982425E-04 -2.1207611175E-09
4.00E-03 6.76396955E-05 6.763969583E-05 -4.5556469891E-09
5.00E-03 -1.89209567E-05 -1.892095642E-05 1.5251717985E-08
6.00E-03 6.76396954E-05 6.763969583E-05 -5.8761359170E-09
7.00E-03 1.54498242E-04 1.544982425E-04 -2.6991511352E-09
8.00E-03 2.41654812E-04 2.416548123E-04 -1.8056829056E-09
9.00E-03 3.02856625E-04 3.028566253E-04 -1.8324738773E-09
1.00E-02 3.64504043E-04 3.645040439E-04 -1.9310947902E-09
1.10E-02 4.26662669E-04 4.266626697E-04 -2.0768385747E-09
1.20E-02 3.27614326E-04 3.276143256E-04 9.6767795464E-10
1.30E-02 2.29005936E-04 2.290059340E-04 7.9467833049E-09
1.40E-02 1.30837580E-04 1.308375763E-04 2.7699564625E-08
1.50E-02 3.31093368E-05 3.310933106E-05 1.7311030581E-07
1.60E-02 -6.41787176E-05 -6.417872575E-05 -1.2688650479E-07
1.70E-02 -1.61026510E-04 -1.610265211E-04 -6.7450180838E-08
1.80E-02 -6.41787179E-05 -6.417872575E-05 -1.2208660378E-07
1.90E-02 3.31093356E-05 3.310933106E-05 1.3596209228E-07
2.00E-02 1.30837577E-04 1.308375763E-04 6.5831344026E-09
2.10E-02 2.29005931E-04 2.290059340E-04 -1.3465857263E-08
2.20E-02 3.27614318E-04 3.276143256E-04 -2.2379966360E-08
2.30E-02 4.26662658E-04 4.266626697E-04 -2.7847823843E-08
2.40E-02 4.89398502E-04 4.893985208E-04 -3.7561261000E-08
2.50E-02 5.52778113E-04 5.527781405E-04 -4.9069065170E-08
2.60E-02 6.16868668E-04 6.168687065E-04 -6.2470786642E-08
2.70E-02 5.05549503E-04 5.055495323E-04 -5.6958723309E-08
2.80E-02 3.94834919E-04 3.948349376E-04 -4.6523276620E-08
2.90E-02 2.84725040E-04 2.847250473E-04 -2.5480303485E-08
3.00E-02 1.75219980E-04 1.752199750E-04 2.5959840084E-08
3.10E-02 6.63198399E-05 6.631982281E-05 2.5699262522E-07
3.20E-02 1.75219979E-04 1.752199750E-04 2.2030358603E-08
3.30E-02 2.84725037E-04 2.847250473E-04 -3.5144994853E-08
3.40E-02 3.94834913E-04 3.948349376E-04 -6.2188144903E-08
3.50E-02 5.05549493E-04 5.055495323E-04 -7.8686822775E-08
3.60E-02 6.16868651E-04 6.168687065E-04 -9.0265217497E-08

As this table demonstrates, the agreement along the unloading/reloading portions of the curves 
has improved dramatically, with the agreement now being better than 3 parts in 107, an improve-
ment of nearly four orders of magnitude and representing very good agreement. This improve-
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ment is achieved by changing the value used for the bulk unloading modulus along the unload-
ing/reloading curves by the amounts given in the following table.

Table 48. Expected and minimizing values of K(en) for the second term of EOS Form 8
Expected K(en) Minimizing K(en) (Min - Expected)/Expected

0.014381 0.014377686 -2.20100E-04
0.016141 0.016140099 -8.52305E-05
0.017881 0.017879613 -6.64053E-05

As the table demonstrates, a small change in the value of the bulk unloading modulus (less than 3 
parts in 104) results in a dramatic improvement in the agreement between the reference pressures 
and the code results. This implies that even though the input to the code was chosen such that the 
unloading points corresponded to input values of K(en), the interpolation routine returned values 
for the bulk unloading modulus that differed slightly from the input values. A difference this 
small in the returned value from an interpolation routine is not surprising. It is worth noting that 
as in the testing of EOS Form 9, the agreement between the theoretical expression and the code 
results for the first term is significantly better than that exhibited by the second term (approxi-
mately 5 orders of magnitude better), which is most likely due to the numerical integration of the 
internal energy, as will be demonstrated below. Note that since the pressure due to the first term is 
not dependent on the internal energy, it is unaffected by the code’s determination of the internal 
energy.
	 Now that the behavior of the pressure resulting from each of the individual terms in the 
expression for Equation-of-State Form 8 has been investigated, the behavior of the full expression 
can be examined. The following plot displays the pressure returned by the code as a function of 
time for EOS Form 8.

Figure 19. Code pressures for EOS Form 8 as a function of time

Note that the pressure is behaving as one would expect, in that the pressure increases as the cube 
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is compressed and decreases as the compression is released. In addition, the initial pressure is 
zero, as expected from the choice of input coefficients.
	 The following table compares the pressure returned by the code as a function of time for 
the full expression for Equation-of-State Form 8 to that predicted by the reference expression.

Table 49. Reference and Code Pressures for Equation-of-State Form 8
Time Reference Pressure Code Pressure (Reference - Code)/Code

0.00E+00 0.00000000E+00 0.000000000E+00 0.0000000000E+00
1.00E-03 2.40653800E-04 2.406538002E-04 -7.7816160037E-10
2.00E-03 4.83309140E-04 4.833091412E-04 -3.1083177674E-09
3.00E-03 3.95789183E-04 3.958083093E-04 -4.8323114882E-05
4.00E-03 3.08566392E-04 3.086046058E-04 -1.2382623941E-04
5.00E-03 2.21640643E-04 2.216979044E-04 -2.5828754250E-04
6.00E-03 3.08566392E-04 3.086046058E-04 -1.2382623784E-04
7.00E-03 3.95789183E-04 3.958083093E-04 -4.8322888258E-05
8.00E-03 4.83309140E-04 4.833091412E-04 -2.9214461696E-09
9.00E-03 6.05712643E-04 6.057126447E-04 -3.0090906391E-09
1.00E-02 7.29007356E-04 7.290073586E-04 -3.1488754796E-09
1.10E-02 8.53324483E-04 8.533244860E-04 -3.3276475225E-09
1.20E-02 7.53214264E-04 7.532226286E-04 -1.1105637546E-05
1.30E-02 6.53542357E-04 6.535590671E-04 -2.5568135356E-05
1.40E-02 5.54308861E-04 5.543338994E-04 -4.5169011763E-05
1.50E-02 4.55513871E-04 4.555472209E-04 -7.3209466256E-05
1.60E-02 3.57157479E-04 3.571991242E-04 -1.1658852143E-04
1.70E-02 2.59239776E-04 2.592896993E-04 -1.9253995917E-04
1.80E-02 3.57157479E-04 3.571991242E-04 -1.1658852059E-04
1.90E-02 4.55513871E-04 4.555472209E-04 -7.3209464196E-05
2.00E-02 5.54308861E-04 5.543338994E-04 -4.5169009140E-05
2.10E-02 6.53542357E-04 6.535590671E-04 -2.5568132650E-05
2.20E-02 7.53214264E-04 7.532226286E-04 -1.1105635530E-05
2.30E-02 8.53324483E-04 8.533244860E-04 -3.3252027059E-09
2.40E-02 9.78796059E-04 9.787960626E-04 -3.5336743364E-09
2.50E-02 1.10555517E-03 1.105555175E-03 -3.7816508393E-09
2.60E-02 1.23373617E-03 1.233736179E-03 -4.0668114088E-09
2.70E-02 1.12025471E-03 1.120261979E-03 -6.4864718879E-06
2.80E-02 1.00737662E-03 1.007391138E-03 -1.4406825494E-05
2.90E-02 8.95102082E-04 8.951238276E-04 -2.4293129106E-05
3.00E-02 7.83431247E-04 7.834602100E-04 -3.6967746837E-05
3.10E-02 6.72364270E-04 6.724004355E-04 -5.3785758955E-05
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3.20E-02 7.83431247E-04 7.834602100E-04 -3.6967745212E-05
3.30E-02 8.95102082E-04 8.951238276E-04 -2.4293126298E-05
3.40E-02 1.00737662E-03 1.007391138E-03 -1.4406821645E-05
3.50E-02 1.12025471E-03 1.120261979E-03 -6.4864675405E-06
3.60E-02 1.23373617E-03 1.233736179E-03 -4.0618882190E-09

As might have been expected, given the analysis of the second term for this EOS model, the 
agreement between the reference expression and the code results is very good along the mono-
tonic portion of the loading line, where the agreement is better than about 4 parts in 109. Howev-
er, the agreement along the unloading/reloading lines is dramatically poorer, with the agreement 
being as poor as ~ 3 parts in 104.  This appears to be due to the code using a slightly different 
value for the bulk unloading modulus than was used in the theoretical model, since if the differ-
ences along the unloading/reloading lines are minimized in the reference model, the agreement 
improves dramatically, as demonstrated in the following table.

Table 50. Reference and Code Pressures for EOS Form 8 using min K(en)
Time Reference Pressure Code Pressure (Reference - Code)/Code

0.00E+00 0.00000000E+00 0.0000000000E+00 0.0000000000E+00
1.00E-03 2.40653800E-04 2.4065380021E-04 -7.7816160037E-10
2.00E-03 4.83309140E-04 4.8330914117E-04 -3.1083177674E-09
3.00E-03 3.95808308E-04 3.9580830927E-04 -1.9578857155E-09
4.00E-03 3.08604606E-04 3.0860460578E-04 1.2647401992E-10
5.00E-03 2.21697905E-04 2.2169790443E-04 3.4346421479E-09
6.00E-03 3.08604606E-04 3.0860460578E-04 1.2803916852E-10
7.00E-03 3.95808309E-04 3.9580830927E-04 -1.7312619502E-09
8.00E-03 4.83309140E-04 4.8330914117E-04 -2.9214461696E-09
9.00E-03 6.05712643E-04 6.0571264467E-04 -3.0090906391E-09
1.00E-02 7.29007356E-04 7.2900735856E-04 -3.1488754796E-09
1.10E-02 8.53324483E-04 8.5332448596E-04 -3.3276475225E-09
1.20E-02 7.53222626E-04 7.5322262856E-04 -2.7745158129E-09
1.30E-02 6.53559066E-04 6.5355906707E-04 -2.0552618007E-09
1.40E-02 5.54333899E-04 5.5433389939E-04 -1.0802587590E-09
1.50E-02 4.55547221E-04 4.5554722087E-04 3.1404070025E-10
1.60E-02 3.57199125E-04 3.5719912421E-04 2.4698277104E-09
1.70E-02 2.59289701E-04 2.5928969934E-04 6.2422089412E-09
1.80E-02 3.57199125E-04 3.5719912421E-04 2.4706598345E-09
1.90E-02 4.55547221E-04 4.5554722087E-04 3.1610106584E-10
2.00E-02 5.54333899E-04 5.5433389939E-04 -1.0776359443E-09
2.10E-02 6.53559066E-04 6.5355906707E-04 -2.0525561023E-09
2.20E-02 7.53222626E-04 7.5322262856E-04 -2.7724999081E-09
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2.30E-02 8.53324483E-04 8.5332448596E-04 -3.3252027059E-09
2.40E-02 9.78796059E-04 9.7879606261E-04 -3.5336743364E-09
2.50E-02 1.10555517E-03 1.1055551752E-03 -3.7816508393E-09
2.60E-02 1.23373617E-03 1.2337361790E-03 -4.0668114088E-09
2.70E-02 1.12026198E-03 1.1202619794E-03 -2.9759809524E-09
2.80E-02 1.00739114E-03 1.0073911380E-03 -1.6459059152E-09
2.90E-02 8.95123828E-04 8.9512382760E-04 1.1395871527E-11
3.00E-02 7.83460212E-04 7.8346020999E-04 2.1326707415E-09
3.10E-02 6.72400439E-04 6.7240043552E-04 4.9431116921E-09
3.20E-02 7.83460212E-04 7.8346020999E-04 2.1342955359E-09
3.30E-02 8.95123828E-04 8.9512382760E-04 1.4204232873E-11
3.40E-02 1.00739114E-03 1.0073911380E-03 -1.6420559627E-09
3.50E-02 1.12026198E-03 1.1202619794E-03 -2.9716335441E-09
3.60E-02 1.23373617E-03 1.2337361790E-03 -4.0618882190E-09

As this table demonstrates, the agreement along the unloading/reloading portions of the curves 
has improved dramatically, with the agreement now being better than ~ 6 parts in 109, an im-
provement of nearly five orders of magnitude and representing very good agreement. This im-
provement is achieved by changing the value used for the bulk unloading modulus in the refer-
ence model along the unloading/reloading curves by the amounts given in the following table.

Table 51. Expected and minimizing values of K(en) for EOS Form 8
Expected K(en) Minimizing K(en) (Min - Expected)/Expected

0.014381 0.014377686 -2.201078290E-04
0.016141 0.016140099 -8.522772443E-05
0.017881 0.017879612 -6.641397873E-05

As the table demonstrates, a small change in the value of the bulk unloading modulus (less 
than 3 parts in 104) results in a dramatic improvement in the agreement between the theoretical 
pressures and the code results. This implies that even though the input to the code was chosen 
such that the unloading points corresponded to input values of K(en), the interpolation routine 
returned values for the bulk unloading modulus that differed slightly from the input values. A 
difference this small in the returned value from an interpolation routine is not surprising. It is 
also worth noting that the values used for the full expression of EOS Form 8 are essentially iden-
tical to those used for the analysis of the second term of this equation-of-state model. This is not 
a surprise, as the non-linear behavior along the unloading/reloading curve is due to the evolution 
of the internal energy and this term is the same in both cubes.
	 The code results for the internal energy can also be examined for this equation-of-state 
model. As the pressure for the first term is independent of the internal energy, we shall concen-
trate on the behavior of the second term and the full expression for this EOS model. Given the 
form for the pressure along the unloading/reloading lines, there is no simple closed form solution 
for the internal energy along these lines and so the code results will be compared to those ob-
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tained from a simple numerical integration performed in EXCEL. The following table makes this 
comparison for the second term in EOS Form 8 using the minimized value for K(en).

Table 52. Reference and Code Internal Energies for the second term of EOS Form 8
Time Code (GRIZ) Reference Energy (Reference - GRIZ)/GRIZ

0.00E+00 1.00000000E-03 1.00000000E-03 0.000000E+00
1.00E-03 1.00071700E-03 1.00071738E-03 3.792183E-07
2.00E-03 1.00286100E-03 1.00286108E-03 7.576553E-08
3.00E-03 1.00168900E-03 1.00168952E-03 5.180359E-07
4.00E-03 1.00103000E-03 1.00103007E-03 7.280449E-08
5.00E-03 1.00088500E-03 1.00088511E-03 1.129468E-07
6.00E-03 1.00103000E-03 1.00103007E-03 7.243395E-08
7.00E-03 1.00168900E-03 1.00168952E-03 5.176653E-07
8.00E-03 1.00286100E-03 1.00286108E-03 7.744132E-08
9.00E-03 1.00446500E-03 1.00446502E-03 1.693503E-08
1.00E-02 1.00642300E-03 1.00642294E-03 -5.954257E-08
1.10E-02 1.00873500E-03 1.00873474E-03 -2.546050E-07
1.20E-02 1.00653100E-03 1.00653077E-03 -2.253067E-07
1.30E-02 1.00489800E-03 1.00489786E-03 -1.407871E-07
1.40E-02 1.00383800E-03 1.00383808E-03 8.431918E-08
1.50E-02 1.00335400E-03 1.00335352E-03 -4.789139E-07
1.60E-02 1.00344600E-03 1.00344621E-03 2.124156E-07
1.70E-02 1.00411800E-03 1.00411820E-03 1.970439E-07
1.80E-02 1.00344600E-03 1.00344621E-03 2.116899E-07
1.90E-02 1.00335400E-03 1.00335352E-03 -4.818122E-07
2.00E-02 1.00383800E-03 1.00383808E-03 7.781202E-08
2.10E-02 1.00489800E-03 1.00489785E-03 -1.523238E-07
2.20E-02 1.00653100E-03 1.00653076E-03 -2.432729E-07
2.30E-02 1.00873500E-03 1.00873472E-03 -2.803757E-07
2.40E-02 1.01140100E-03 1.01140064E-03 -3.511650E-07
2.50E-02 1.01442100E-03 1.01442131E-03 3.092989E-07
2.60E-02 1.01779800E-03 1.01779768E-03 -3.099844E-07
2.70E-02 1.01455800E-03 1.01455769E-03 -3.020956E-07
2.80E-02 1.01194800E-03 1.01194812E-03 1.226989E-07
2.90E-02 1.00997100E-03 1.00997067E-03 -3.235266E-07
3.00E-02 1.00862700E-03 1.00862701E-03 9.807755E-09
3.10E-02 1.00791900E-03 1.00791878E-03 -2.227527E-07
3.20E-02 1.00862700E-03 1.00862701E-03 8.681237E-09
3.30E-02 1.00997100E-03 1.00997067E-03 -3.280223E-07



Equation-of-state Test Suite
LLNL-TR-678906

66

3.40E-02 1.01194800E-03 1.01194811E-03 1.126136E-07
3.50E-02 1.01455800E-03 1.01455768E-03 -3.199604E-07
3.60E-02 1.01779800E-03 1.01779766E-03 -3.377797E-07

As the table demonstrates, the level of agreement between the EXCEL numerical integration and 
the code results for the internal energy is better than ~ 5 parts in 107, which is about as good as 
can be expected, given the limitations on the GRIZ output. This establishes that the internal ener-
gies being returned by the code are reasonable.
	 There is also no simple closed form solution for the internal energy due to the full expres-
sion for Equation-of-State Form 8. A numerical integration was performed in EXCEL to compare 
against the code results. The following table gives the result of that comparison using the mini-
mized value for K(en).

Table 53. Reference and Code Internal Energies for EOS Form 8
Time Code (GRIZ) Reference Energy (Reference - GRIZ)/GRIZ

0.00E+00 1.00000000E-03 1.00000000E-03 0.000000E+00
1.00E-03 1.00143500E-03 1.00143476E-03 -2.421068E-07
2.00E-03 1.00572200E-03 1.00572215E-03 1.454104E-07
3.00E-03 1.00312200E-03 1.00312191E-03 -9.250571E-08
4.00E-03 1.00103000E-03 1.00103007E-03 6.838586E-08
5.00E-03 9.99449100E-04 9.99449013E-04 -8.746980E-08
6.00E-03 1.00103000E-03 1.00103007E-03 6.838616E-08
7.00E-03 1.00312200E-03 1.00312191E-03 -9.213569E-08
8.00E-03 1.00572200E-03 1.00572215E-03 1.457803E-07
9.00E-03 1.00893000E-03 1.00893002E-03 2.190173E-08
1.00E-02 1.01284600E-03 1.01284586E-03 -1.339746E-07
1.10E-02 1.01746900E-03 1.01746947E-03 4.578674E-07
1.20E-02 1.01277500E-03 1.01277473E-03 -2.660893E-07
1.30E-02 1.00864700E-03 1.00864713E-03 1.316941E-07
1.40E-02 1.00508900E-03 1.00508880E-03 -2.012210E-07
1.50E-02 1.00210200E-03 1.00210183E-03 -1.669439E-07
1.60E-02 9.99688300E-04 9.99688327E-04 2.750281E-08
1.70E-02 9.97850300E-04 9.97850354E-04 5.431351E-08
1.80E-02 9.99688300E-04 9.99688327E-04 2.750367E-08
1.90E-02 1.00210200E-03 1.00210183E-03 -1.669422E-07
2.00E-02 1.00508900E-03 1.00508880E-03 -2.012185E-07
2.10E-02 1.00864700E-03 1.00864713E-03 1.316975E-07
2.20E-02 1.01277500E-03 1.01277473E-03 -2.660851E-07
2.30E-02 1.01746900E-03 1.01746947E-03 4.578724E-07
2.40E-02 1.02280100E-03 1.02280134E-03 3.278069E-07
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2.50E-02 1.02884300E-03 1.02884269E-03 -3.011130E-07
2.60E-02 1.03559500E-03 1.03559545E-03 4.364424E-07
2.70E-02 1.02880000E-03 1.02879978E-03 -2.186300E-07
2.80E-02 1.02263200E-03 1.02263250E-03 4.924374E-07
2.90E-02 1.01709500E-03 1.01709541E-03 4.065513E-07
3.00E-02 1.01219000E-03 1.01219025E-03 2.502566E-07
3.10E-02 1.00791900E-03 1.00791874E-03 -2.541549E-07
3.20E-02 1.01219000E-03 1.01219025E-03 2.502584E-07
3.30E-02 1.01709500E-03 1.01709541E-03 4.065547E-07
3.40E-02 1.02263200E-03 1.02263250E-03 4.924425E-07
3.50E-02 1.02880000E-03 1.02879978E-03 -2.186233E-07
3.60E-02 1.03559500E-03 1.03559545E-03 4.364507E-07

As the table demonstrates, the level of agreement between the EXCEL numerical integration and 
the code results for the internal energy is better than 5 parts in 107, essentially the same level of 
agreement as exhibited by the second term of this EOS model. The internal energy is therefore 
being calculated with reasonable accuracy by the code and this can always be improved by using a 
smaller time step in the code.
	 This establishes the implementation of Equation-of-State Form 8 in DYNA3D. The equa-
tion-of-state is performing as expected, in that the pressure in the cubes increases as they are 
compressed and decreases as they are expanded. The behavior of each of the terms in the equa-
tion-of-state has been examined and found to be performing as expected and with good accuracy. 
The behavior of the equation-of-state as a whole has been examined and is performing as expect-
ed and with good accuracy.
	 Author’s Note: Two things were revealed in the testing of Equation-of-State Form 8. The first 
is much like the issue discovered in the testing of EOS Form 9, in that if the pressure returned by the 
code is dominated by the contribution of the second term, which depends on the internal energy, the 
accuracy of the code may suffer somewhat due to the dependence on the numerical integration to 
find the internal energy. This can be compensated for by using smaller time steps and is easily ob-
served in a simple test such as this. Determining if such a situation exists in a real world calculation 
may be somewhat more difficult.
	 The second item of note is that testing of this equation-of-state revealed several bugs in the 
code for this EOS model. The most important of these involved an initialization error that affected 
the calculation of the pressure at the start of the simulation and an incorrect calculation of the pres-
sure along the unloading/reloading lines. As of code version 14.2.0 revision 1.3320, these issues have 
been corrected.
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Equation-of-State Form 10

	 Equation-of-State Form 10 is not used in this version of the code.
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Equation-of-State Form 11

	 Equation-of-State Form 11 is a Pore Collapse model that uses two curves: the virgin load-
ing curve and the completely crushed curve, as shown in the figure below (taken from the DY-
NA3D manual). The loading curves are entered into the model by defining the pressures as a 

Figure 20. Illustration of EOS Form 11 from the DYNA3D manual

function of the excess compression, µ (related to the density by μ = r/r0 - 1). Note that µ is posi-
tive in compression and negative in tension.
	 The model requires the definition of two critical points: the excess compression required 
for pore collapse to begin (µ1) and the excess compression required for the material to be com-
pletely crushed (µ2). Unloading occurs along the virgin loading curve until the excess compres-
sion exceeds µ1. Once the excess compression exceeds µ1, unloading occurs along a partially 
crushed path between the virgin and completely crushed curves defined by:
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µ = −p p( )B cc
1

max

is the excess compression corresponding to a pressure of pmax on the completely crushed curve.
	 Prior to discussing the calculations using EOS Form 11, a few code issues need to be 
addressed and these are not necessarily readily apparent to the user.  First, in order to eliminate 
issues with the work performed by the bulk viscosity, the two input coefficients for the bulk vis-
cosity on the material card were set to 1.0e-20 in each of the 3 cubes. Failing to do so results in the 
work performed on the cube being dominated by contributions from the bulk viscosity. Finally, 
the code version used for this test was version 14.2.0 revision 1.3320.
	 The implementation of the model in DYNA3D uses a monotonic cubic spline to model 
the virgin loading and completely crushed curves. Previous testing of this equation-of-state mod-
el3 revealed that cubic spline routines available for use in EXCEL returned results that differed 
from each other by as much as several per cent when applied to the same data sets. This makes 
characterization of the code results difficult if one is to rely on the values returned by these rou-
tines. Therefore, the decision was made to test this EOS model using two sets of input curves. The 
first set of curves would define linear relationships between the pressure and the excess compres-
sion for both the virgin loading and completely crushed curves. This would allow the pressure to 
be calculated exactly from the excess compression without relying on an interpolation to check 
the code result. The second set of curves were provided by Jerry Lin for the initial testing of this 
EOS model and resemble the curves that appear in the figure on the previous page. This testing 
requires the use of a cubic spline routine to compare to the code results. In addition, the pressure 
in this EOS model is defined to be independent of the internal energy and so each set of input 
curves was tested twice using different initial values for the internal energy to verify this indepen-
dence.
	 The first set of curves to be tested uses 10 points to define a linear relationship between the 
excess compression and the pressure for both the virgin loading curve and the completely crushed 
curve. The defining points are given in the following table:

Table 54. Linear response curves used for testing EOS Form 11
Virgin Loading Curve Completely Crushed Curve

µ p µ p
0.000000E+00 0.000000E+00 4.000000E-02 0.000000E+00
1.000000E-02 1.000000E-01 4.200000E-02 1.000000E-01
2.000000E-02 2.000000E-01 4.400000E-02 2.000000E-01
3.000000E-02 3.000000E-01 4.600000E-02 3.000000E-01
4.000000E-02 4.000000E-01 4.800000E-02 4.000000E-01
5.000000E-02 5.000000E-01 5.000000E-02 5.000000E-01
6.000000E-02 6.000000E-01 6.000000E-02 6.000000E-01
7.000000E-02 7.000000E-01 7.000000E-02 7.000000E-01
8.000000E-02 8.000000E-01 8.000000E-02 8.000000E-01
9.000000E-02 9.000000E-01 9.000000E-02 9.000000E-01
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For these linear curves, µ1 = 0.01 and µ2 = 0.05. These response curves will be tested using Cubes 1 
and 2, with Cube 1 having an initial internal energy of 1x10-6 and Cube 2 an initial internal energy 
of 1x10-3. These linear response curves can be calculated exactly in the spreadsheet model. 
	 The following plot illustrates that these response curves yield a result which resembles the 
earlier figure from the DYNA3D manual. However, the use of these curves actually represents an 
overtest in terms of physical reality, in that actual curves would not display such a pronounced 
kink when the two curves merge. This will illuminate an issue with the cubic spline routines used 
in the code, which will be discussed below.

Figure 21. Linear response curves used for testing Cubes 1 and 2 

	 Given the definition of the pressure in this equation-of-state model, one would expect 
Cubes 1 and 2 to return the same pressures as a function of time, which is the result obtained. 
The pressures for these 2 cubes are shown in the following plot as a function of time. Note that 
the cubes are loaded 4 times and unloaded 3 times, with two of the load/unload cycles occurring 
below µ=µ2. As the plot demonstrates, at least at the level of the graph norm, the two cubes are 
returning the same pressure.
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Figure 22. Cubes 1 and 2 pressures from testing EOS Form 11 with linear response curves

	 The following table makes this point more forcefully, and also reveals the issue with the 
cubic spline routines mentioned earlier.

Table 55. Code pressures returned for Cubes 1 and 2 from testing EOS Form 11
Time Theoretical Pressure C1 Pressure (Th - C1)/C1 C2 Pressure (Th -C2)/C2

0.00E+00 0.000000E+00 0.000000E+00 0.000000E+00 0.000000E+00 0.000000E+00
2.00E-04 3.608657E-02 3.608657E-02 1.539815E-12 3.608657E-02 3.095783E-13
4.00E-04 7.234699E-02 7.234699E-02 1.443081E-12 7.234699E-02 1.166665E-12
6.00E-04 1.087823E-01 1.087823E-01 1.083741E-12 1.087823E-01 1.478965E-12
8.00E-04 1.453935E-01 1.453935E-01 1.103209E-12 1.453935E-01 1.103209E-12
1.00E-03 1.821818E-01 1.821818E-01 1.195651E-12 1.821818E-01 1.365827E-12
1.20E-03 1.506962E-01 1.506962E-01 -7.343351E-13 1.506962E-01 -9.533279E-13
1.40E-03 1.192359E-01 1.192359E-01 1.007932E-13 1.192359E-01 -2.322899E-12
1.60E-03 8.780086E-02 8.780086E-02 1.771692E-12 8.780086E-02 -1.009528E-12
1.80E-03 5.639113E-02 5.639113E-02 -2.163208E-12 5.639113E-02 -3.934750E-12
2.00E-03 2.500666E-02 2.500666E-02 -7.988981E-12 2.500666E-02 1.780324E-12
2.20E-03 1.821818E-01 1.821818E-01 7.964909E-13 1.821818E-01 1.049089E-12
2.40E-03 2.129747E-01 2.129747E-01 8.994919E-13 2.129747E-01 8.478838E-13
2.60E-03 2.438918E-01 2.438918E-01 9.396698E-13 2.438918E-01 9.027977E-13
2.80E-03 2.749339E-01 2.749339E-01 9.647129E-13 2.749339E-01 5.681670E-13
3.00E-03 3.061015E-01 3.061015E-01 7.121568E-13 3.061015E-01 2.645879E-13
3.20E-03 2.554132E-01 2.554132E-01 -4.779276E-13 2.554132E-01 -1.562447E-12
3.40E-03 2.047904E-01 2.047904E-01 -1.191865E-12 2.047904E-01 -1.191865E-12
3.60E-03 1.542329E-01 1.542329E-01 -1.727964E-12 1.542329E-01 -1.364987E-12
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3.80E-03 1.037408E-01 1.037408E-01 -2.775404E-12 1.037408E-01 -5.127414E-12
4.00E-03 5.331371E-02 5.331371E-02 -5.412117E-12 5.331371E-02 -9.576204E-12
4.20E-03 1.037408E-01 1.037408E-01 -3.951409E-12 1.037408E-01 -2.457290E-12
4.40E-03 1.542329E-01 1.542329E-01 -3.381426E-12 1.542329E-01 -2.590327E-12
4.60E-03 2.047904E-01 2.047904E-01 -1.841333E-12 2.047904E-01 -3.467441E-12
4.80E-03 2.554132E-01 2.554132E-01 -2.087103E-12 2.554132E-01 -4.561502E-12
5.00E-03 3.061015E-01 3.061015E-01 7.272088E-14 3.061015E-01 -8.681168E-13
5.20E-03 3.688160E-01 3.688160E-01 1.464480E-13 3.688160E-01 -5.937690E-13
5.40E-03 4.320403E-01 4.307048E-01 3.100694E-03 4.307048E-01 3.100694E-03
5.60E-03 4.957797E-01 4.957797E-01 1.359284E-13 4.957797E-01 -5.095636E-13
5.80E-03 5.600394E-01 5.600394E-01 5.669669E-14 5.600394E-01 -4.950057E-13
6.00E-03 6.248247E-01 6.248247E-01 1.648922E-13 6.248247E-01 -3.376025E-13
6.20E-03 5.858901E-01 5.858901E-01 1.743339E-13 5.858901E-01 -3.598479E-13
6.40E-03 5.471455E-01 5.471455E-01 2.075788E-13 5.471455E-01 -5.015980E-13
6.60E-03 5.085898E-01 5.085898E-01 3.147805E-13 5.085898E-01 -5.760789E-13
6.80E-03 3.511088E-01 3.511088E-01 1.961260E-12 3.511088E-01 -5.059435E-12
7.00E-03 1.602014E-01 1.602014E-01 3.188052E-12 1.602014E-01 -1.080691E-11
7.20E-03 4.788983E-01 4.868939E-01 -1.642173E-02 4.868939E-01 -1.642173E-02
7.40E-03 5.600394E-01 5.600394E-01 2.343199E-13 5.600394E-01 -4.513929E-13
7.60E-03 6.248247E-01 6.248247E-01 3.285405E-13 6.248247E-01 -3.020654E-13
7.80E-03 6.901411E-01 6.901411E-01 3.156250E-13 6.901411E-01 -2.176558E-13
8.00E-03 7.559939E-01 7.559939E-01 3.354193E-13 7.559939E-01 -2.665438E-13

As the table illustrates, the theoretical model and the code are in excellent agreement and the dif-
ferences in the pressures returned by Cubes 1 and 2 are very small, as expected, since the internal 
energy does not play a role in determining the pressure in the equation-of-state model.
	 However, there are two time points where the theoretical model and the code do not 
agree well. The second of these is at a time of 7.2x10-3 and the discrepancy at this time as actually 
expected, as this point is near µ2, which means the cubic spline in the code is drawing a smooth 
curve around the kink in the response curve, so it is not surprising that a disagreement is ob-
tained at this point. The other issue occurs at a time of 5.4x10-3 and uncovering the cause of this 
discrepancy illustrates an issue with the cubic splines and how they are used in the code. 
	 To improve the speed of the code, three cubic spline fits are actually employed by the 
code. There is a fit for the virgin loading curve, the completely crushed curve and the inverse of 
the completely crushed curve, which is required for loading and unloading at points between µ1 
and µ2. The code uses the partially crushed curve defined by the earlier equation for loading and 
unloading for all µ1<µ<µ2 and it turns out that the fits to the completely crushed curve and its 
inverse are not always mathematical inverses of each other, i.e., 

µ µ( )( )= −p pcc cc
1
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does not hold for all values of µ between all of the input data pairs. This can cause the code to 
return a loading that does not agree exactly with the expected value and is the reason for the dis-
crepancy between the analytical model and the code result at a time of 5.4x10-3.
	 Having established that the implementation of this equation-of-state model can indeed 
match the results of a simplified response curve, the following, more realistic response curves pro-
vided by Jerry Lin were used to test the EOS model.

Table 56. Generalized response curves used for testing EOS Form 11
Virgin Loading Curve Completely Crushed Curve

µ p µ p
0.00000000E+00 0.00000000E+00 1.08030000E-01 0.00000000E+00
5.63830000E-03 4.30000000E-05 1.08600000E-01 4.30000000E-05
3.63890000E-02 2.00000000E-04 1.10630000E-01 2.00000000E-04
5.40830000E-02 4.00000000E-04 1.13110000E-01 4.00000000E-04
6.53400000E-02 6.00000000E-04 1.15470000E-01 6.00000000E-04
7.39140000E-02 8.00000000E-04 1.17730000E-01 8.00000000E-04
8.09860000E-02 1.00000000E-03 1.19910000E-01 1.00000000E-03
1.06040000E-01 2.00000000E-03 1.29690000E-01 2.00000000E-03
1.23510000E-01 3.00000000E-03 1.38130000E-01 3.00000000E-03
1.37480000E-01 4.00000000E-03 1.45630000E-01 4.00000000E-03
1.49370000E-01 5.00000000E-03 1.52440000E-01 5.00000000E-03
1.56970000E-01 5.71370000E-03 1.56970000E-01 5.71370000E-03
1.58720000E-01 6.00000000E-03 1.58720000E-01 6.00000000E-03
1.65330000E-01 7.00000000E-03 1.65330000E-01 7.00000000E-03
1.71620000E-01 8.00000000E-03 1.71620000E-01 8.00000000E-03
1.77640000E-01 9.00000000E-03 1.77640000E-01 9.00000000E-03
1.81140000E-01 9.60000000E-03 1.81140000E-01 9.60000000E-03
1.83430000E-01 1.00000000E-02 1.83430000E-01 1.00000000E-02
2.09720000E-01 1.50000000E-02 2.09720000E-01 1.50000000E-02
2.32960000E-01 2.00000000E-02 2.32960000E-01 2.00000000E-02
2.50000000E-01 2.40000000E-02 2.50000000E-01 2.40000000E-02
2.71130000E-01 3.00000000E-02 2.71130000E-01 3.00000000E-02
2.86000000E-01 3.50000000E-02 2.86000000E-01 3.50000000E-02
3.00350000E-01 4.00000000E-02 3.00350000E-01 4.00000000E-02
3.27680000E-01 5.00000000E-02 3.27680000E-01 5.00000000E-02
3.78540000E-01 7.00000000E-02 3.78540000E-01 7.00000000E-02
4.48380000E-01 1.00000000E-01 4.48380000E-01 1.00000000E-01
5.56280000E-01 1.50000000E-01 5.56280000E-01 1.50000000E-01
6.68470000E-01 2.00000000E-01 6.68470000E-01 2.00000000E-01
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7.72960000E-01 2.50000000E-01 7.72960000E-01 2.50000000E-01
8.48410000E-01 3.00000000E-01 8.48410000E-01 3.00000000E-01
8.97070000E-01 3.50000000E-01 8.97070000E-01 3.50000000E-01
9.39820000E-01 4.00000000E-01 9.39820000E-01 4.00000000E-01
1.01220000E+00 5.00000000E-01 1.01220000E+00 5.00000000E-01
1.12250000E+00 7.00000000E-01 1.12250000E+00 7.00000000E-01
1.20480000E+00 9.00000000E-01 1.20480000E+00 9.00000000E-01
1.23910000E+00 1.00000000E+00 1.23910000E+00 1.00000000E+00
1.36860000E+00 1.50000000E+00 1.45720000E+00 2.00000000E+00
1.45720000E+00 2.00000000E+00

For these generalized curves, µ1 = 0.0056383 and µ2 = 0.15697. These response curves will be 
tested using Cubes 3 and 4, with Cube 3 having an initial internal energy of 1x10-6 and Cube 4 an 
initial internal energy of 1x10-3. These generalized response curves cannot be calculated exactly 
in the spreadsheet model, requiring instead the use of a cubic spline to model them. Based on the 
earlier testing of this EOS model3, this is expected to result in a poorer match between the spread-
sheet model and the code results.
	 The following plot illustrates that these generalized response curves yield a result which 
greatly resembles the earlier figure from the DYNA3D manual. Note that the plot is displaying 
only the bottom part of the curves in order to accentuate the difference between the two curves. 
Note also that these curves join much more smoothly than the two linear curves used in the 
earlier tests for this EOS model and the cubic splines should not have as large an effect near the 
junction point as was observed in the earlier tests. The testing of the EOS model will focus on this 
part of the curves.

Figure 23. Generalized response curves used for testing Cubes 3 and 4
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	 Given the definition of the pressure in this equation-of-state model, one would expect 
Cubes 3 and 4 to return the same pressures as a function of time, which is the result obtained. The 
pressures for these 2 cubes are shown in the following plot as a function of time. Note that the 
cubes are loaded 4 times and unloaded 3 times, with three of the load/unload cycles occurring 
below µ=µ2. As the plot demonstrates, at least at the level of the graph norm, the two cubes are 
returning the same pressure.

Figure 24. Cubes 3 and 4 pressures from testing EOS Form 11 with generalized response curves

	 The following table makes this point more forcefully, and also demonstrates the reduced 
agreement between the reference model and the code results that was expected due to the use of  
cubic spline routines in both the reference model and the code.

Table 57. Code pressures returned for Cubes 3 and 4 from testing EOS Form 11
Time Reference Pressure C3 Pressure (Ref - C3)/C3 C4 Pressure (Ref-C4)/C4

0.00E+00 0.000000E+00 0.000000E+00 0.000000E+00 0.000000E+00 0.000000E+00
2.00E-04 9.645977E-05 9.474809E-05 1.806554E-02 9.474809E-05 1.806554E-02
4.00E-04 1.672482E-04 1.677360E-04 -2.908515E-03 1.677360E-04 -2.908515E-03
6.00E-04 3.109244E-04 3.132531E-04 -7.433834E-03 3.132531E-04 -7.433834E-03
8.00E-04 5.748602E-04 5.751803E-04 -5.564665E-04 5.751803E-04 -5.564665E-04
1.00E-03 9.999946E-04 9.999943E-04 2.925097E-07 9.999943E-04 2.925085E-07
1.20E-03 7.831329E-04 7.831286E-04 5.507328E-06 7.831286E-04 5.507325E-06
1.40E-03 5.750693E-04 5.750983E-04 -5.050622E-05 5.750983E-04 -5.050623E-05
1.60E-03 3.767314E-04 3.767335E-04 -5.594239E-06 3.767335E-04 -5.594251E-06
1.80E-03 1.882123E-04 1.881993E-04 6.902560E-05 1.881993E-04 6.902558E-05
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2.00E-03 8.231522E-06 8.230771E-06 9.126185E-05 8.230771E-06 9.126147E-05
2.20E-03 1.057329E-03 1.059971E-03 -2.492685E-03 1.059971E-03 -2.492685E-03
2.40E-03 1.549730E-03 1.562714E-03 -8.308592E-03 1.562714E-03 -8.308592E-03
2.60E-03 2.198989E-03 2.192369E-03 3.019260E-03 2.192369E-03 3.019260E-03
2.80E-03 3.014766E-03 3.014835E-03 -2.297077E-05 3.014835E-03 -2.297077E-05
3.00E-03 4.030104E-03 4.027933E-03 5.390382E-04 4.027933E-03 5.390382E-04
3.20E-03 3.215352E-03 3.240665E-03 -7.810815E-03 3.240665E-03 -7.810815E-03
3.40E-03 2.499214E-03 2.523526E-03 -9.634170E-03 2.523526E-03 -9.634170E-03
3.60E-03 1.847859E-03 1.869343E-03 -1.149277E-02 1.869343E-03 -1.149277E-02
3.80E-03 1.258571E-03 1.279072E-03 -1.602833E-02 1.279072E-03 -1.602833E-02
4.00E-03 7.297018E-04 7.470227E-04 -2.318661E-02 7.470227E-04 -2.318661E-02
4.20E-03 1.280905E-03 1.301610E-03 -1.590705E-02 1.301610E-03 -1.590705E-02
4.40E-03 1.897540E-03 1.919052E-03 -1.121000E-02 1.919052E-03 -1.121000E-02
4.60E-03 2.581446E-03 2.606043E-03 -9.438089E-03 2.606043E-03 -9.438089E-03
4.80E-03 3.335888E-03 3.361754E-03 -7.694298E-03 3.361754E-03 -7.694298E-03
5.00E-03 4.128556E-03 4.118987E-03 2.323112E-03 4.118987E-03 2.323112E-03
5.20E-03 3.755325E-03 3.712124E-03 1.163770E-02 3.712124E-03 1.163770E-02
5.40E-03 3.363498E-03 3.321409E-03 1.267231E-02 3.321409E-03 1.267231E-02
5.60E-03 2.989107E-03 2.949365E-03 1.347491E-02 2.949365E-03 1.347491E-02
5.80E-03 2.631686E-03 2.594397E-03 1.437267E-02 2.594397E-03 1.437267E-02
6.00E-03 2.290757E-03 2.254829E-03 1.593411E-02 2.254829E-03 1.593411E-02
6.20E-03 4.349821E-03 4.324582E-03 5.836294E-03 4.324582E-03 5.836294E-03
6.40E-03 6.021134E-03 6.020208E-03 1.537848E-04 6.020208E-03 1.537848E-04
6.60E-03 8.810522E-03 8.810483E-03 4.400702E-06 8.810483E-03 4.400700E-06
6.80E-03 1.202203E-02 1.204345E-02 -1.778218E-03 1.204345E-02 -1.778218E-03
7.00E-03 1.566475E-02 1.565860E-02 3.926142E-04 1.565860E-02 3.926142E-04
7.20E-03 2.213134E-02 2.212437E-02 3.150547E-04 2.212437E-02 3.150547E-04
7.40E-03 3.047556E-02 3.046505E-02 3.451182E-04 3.046505E-02 3.451182E-04
7.60E-03 4.126745E-02 4.127381E-02 -1.540618E-04 4.127381E-02 -1.540618E-04
7.80E-03 5.325636E-02 5.326140E-02 -9.449795E-05 5.326140E-02 -9.449795E-05
8.00E-03 6.639880E-02 6.639596E-02 4.287370E-05 6.639596E-02 4.287370E-05

As the table illustrates, the reference model and the code exhibit markedly poorer agreement than 
that exhibited in the testing using the linearized response curves, a result that was expected based 
on the requirement to use cubic splines in both the reference model and the code. Note that the 
agreement between the reference model and the code results exhibits marked improvement in the 
vicinity of the entered data pairs in the response curves, as would be expected from the behavior 
of cubic splines. 
	 As expected, the differences in the pressures returned by Cubes 3 and 4 are smaller than 
the number of significant digits displayed in the table, since, by definition, the internal energy 
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does not play a role in determining the pressure in this equation-of-state model. In addition, as 
the following plot demonstrates, these cubes are loading and unloading in the manner expected 
from this EOS model.

Figure 25. Cubes 3 and 4 pressures as a function of excess compression

	 As the plot demonstrates, for µ1<µ<µ2, the cubes unload and reload along a line that lies 
between the virgin loading curve and the completely crushed curve. In addition, both cubes ex-
hibit the same behavior, as expected.
	 The code results for the internal energy can also be examined for the equation-of-state 
model. Given the use of cubic splines in the code to determine the behavior of this EOS model, 
there is no closed form solution for the internal energy returned by this model. Given the use of 
linear response curves in Cubes 1 and 2 and the excellent agreement obtained for the pressure 
between the analytic model and the code, one would expect to obtain good agreement for the 
internal energies in Cubes 1 and 2. The requirement to use cubic splines in both the reference 
model and the code for Cubes 3 and 4 degrades the agreement obtained for the pressures and one 
would expect that to also affect the results obtained for the internal energy.
	 The following table gives the results for the internal energy for Cube 1, which had an 
initial internal energy of 1.0x10-6. The code results for the internal energy were extracted using 
GRIZ, which limits the accuracy to 7 significant figures.

Table 58. Internal energies for Cube 1 from testing EOS Form 11
Time Code (GRIZ) Reference Energy (Reference - GRIZ)/GRIZ

0.00E+00 1.00000000E-06 1.00000000E-06 0.000000E+00
2.00E-04 6.58000200E-05 6.58000156E-05 -6.618777E-08
4.00E-04 2.60200300E-04 2.60200249E-04 -1.942089E-07
6.00E-04 5.84201300E-04 5.84201264E-04 -6.233230E-08
8.00E-04 1.03780400E-03 1.03780400E-03 -2.915011E-09
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1.00E-03 1.62101000E-03 1.62100977E-03 -1.435633E-07
1.20E-03 1.52232300E-03 1.52232317E-03 1.099541E-07
1.40E-03 1.44226600E-03 1.44226597E-03 -2.061316E-08
1.60E-03 1.38083800E-03 1.38083817E-03 1.227213E-07
1.80E-03 1.33804000E-03 1.33803976E-03 -1.793816E-07
2.00E-03 1.31387100E-03 1.31387074E-03 -1.991245E-07
2.20E-03 1.62101000E-03 1.62100977E-03 -1.434241E-07
2.40E-03 2.20601800E-03 2.20601811E-03 4.968109E-08
2.60E-03 2.88103100E-03 2.88103092E-03 -2.824079E-08
2.80E-03 3.64605000E-03 3.64604957E-03 -1.192449E-07
3.00E-03 4.50107500E-03 4.50107561E-03 1.345998E-07
3.20E-03 4.23683500E-03 4.23683443E-03 -1.344698E-07
3.40E-03 4.02013000E-03 4.02013026E-03 6.526612E-08
3.60E-03 3.85096300E-03 3.85096306E-03 1.478035E-08
3.80E-03 3.72933300E-03 3.72933278E-03 -5.936694E-08
4.00E-03 3.65523900E-03 3.65523940E-03 1.099970E-07
4.20E-03 3.72933300E-03 3.72933278E-03 -5.936694E-08
4.40E-03 3.85096300E-03 3.85096306E-03 1.478035E-08
4.60E-03 4.02013000E-03 4.02013026E-03 6.526610E-08
4.80E-03 4.23683500E-03 4.23683443E-03 -1.344699E-07
5.00E-03 4.50107500E-03 4.50107561E-03 1.345998E-07
5.20E-03 6.48115700E-03 6.48115703E-03 4.513066E-09
5.40E-03 8.81996100E-03 8.82129139E-03 1.508381E-04
5.60E-03 1.15134500E-02 1.15214979E-02 6.989997E-04
5.80E-03 1.45737500E-02 1.45817988E-02 5.522829E-04
6.00E-03 1.79941700E-02 1.80022195E-02 4.473409E-04
6.20E-03 1.58987000E-02 1.59067512E-02 5.064072E-04
6.40E-03 1.39328800E-02 1.39409299E-02 5.777643E-04
6.60E-03 1.20967000E-02 1.21047498E-02 6.654514E-04
6.80E-03 1.05424100E-02 1.05596761E-02 1.637772E-03
7.00E-03 9.64913500E-03 9.66640222E-03 1.789509E-03
7.20E-03 1.15148600E-02 1.15247308E-02 8.572206E-04
7.40E-03 1.45737400E-02 1.45817989E-02 5.529706E-04
7.60E-03 1.79941700E-02 1.80022195E-02 4.473419E-04
7.80E-03 2.17747400E-02 2.17827884E-02 3.696228E-04
8.00E-03 2.59154800E-02 2.59235371E-02 3.108988E-04

As the table demonstrates, the agreement between the reference model and the code is as good as 
can be expected, given the 7 digit output from GRIZ, until t = 5.4x10-3. This is the first time point 
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when the reference model and the code disagree noticeably for the pressure due to the manner in 
which the cubic splines are employed by the code. This feeds through into the numerical integra-
tion performed by the code to determine the internal energy and the reference model and code 
never re-establish good agreement for the internal energy after that.
	 The following table gives the results for the internal energy for Cube 2, which had an 
initial internal energy of 1.0x10-3. The code results for the internal energy were extracted using 
GRIZ, which limits the accuracy to 7 significant figures.

Table 59. Internal energies for Cube 2 from testing EOS Form 11
Time Code (GRIZ) Reference Energy (Reference - GRIZ)/GRIZ

0.00E+00 1.00000000E-03 1.00000000E-03 0.000000E+00
2.00E-04 1.06480000E-03 1.06480002E-03 1.469276E-08
4.00E-04 1.25920000E-03 1.25920025E-03 1.981153E-07
6.00E-04 1.58320100E-03 1.58320126E-03 1.664889E-07
8.00E-04 2.03680400E-03 2.03680400E-03 -1.485270E-09
1.00E-03 2.62001000E-03 2.62000977E-03 -8.882312E-08
1.20E-03 2.52132300E-03 2.52132317E-03 6.638805E-08
1.40E-03 2.44126600E-03 2.44126597E-03 -1.217796E-08
1.60E-03 2.37983800E-03 2.37983817E-03 7.120576E-08
1.80E-03 2.33704000E-03 2.33703976E-03 -1.027024E-07
2.00E-03 2.31287100E-03 2.31287074E-03 -1.131165E-07
2.20E-03 2.62001000E-03 2.62000977E-03 -8.873703E-08
2.40E-03 3.20501800E-03 3.20501811E-03 3.419556E-08
2.60E-03 3.88003100E-03 3.88003092E-03 -2.096957E-08
2.80E-03 4.64505000E-03 4.64504957E-03 -9.359921E-08
3.00E-03 5.50007500E-03 5.50007561E-03 1.101519E-07
3.20E-03 5.23583500E-03 5.23583443E-03 -1.088129E-07
3.40E-03 5.01913000E-03 5.01913026E-03 5.227565E-08
3.60E-03 4.84996300E-03 4.84996306E-03 1.173588E-08
3.80E-03 4.72833300E-03 4.72833278E-03 -4.682392E-08
4.00E-03 4.65423900E-03 4.65423940E-03 8.638694E-08
4.20E-03 4.72833300E-03 4.72833278E-03 -4.682392E-08
4.40E-03 4.84996300E-03 4.84996306E-03 1.173587E-08
4.60E-03 5.01913000E-03 5.01913026E-03 5.227563E-08
4.80E-03 5.23583500E-03 5.23583443E-03 -1.088130E-07
5.00E-03 5.50007500E-03 5.50007561E-03 1.101519E-07
5.20E-03 7.48015700E-03 7.48015703E-03 3.910329E-09
5.40E-03 9.81896100E-03 9.82029139E-03 1.354916E-04
5.60E-03 1.25124500E-02 1.25204979E-02 6.431913E-04
5.80E-03 1.55727500E-02 1.55807988E-02 5.168536E-04
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6.00E-03 1.89931700E-02 1.90012195E-02 4.238117E-04
6.20E-03 1.68977000E-02 1.69057512E-02 4.764682E-04
6.40E-03 1.49318800E-02 1.49399299E-02 5.391096E-04
6.60E-03 1.30957000E-02 1.31037498E-02 6.146877E-04
6.80E-03 1.15414100E-02 1.15586761E-02 1.496010E-03
7.00E-03 1.06481400E-02 1.06654022E-02 1.621148E-03
7.20E-03 1.25138600E-02 1.25237308E-02 7.887874E-04
7.40E-03 1.55727500E-02 1.55807989E-02 5.168548E-04
7.60E-03 1.89931700E-02 1.90012195E-02 4.238127E-04
7.80E-03 2.27737400E-02 2.27817884E-02 3.534088E-04
8.00E-03 2.69144800E-02 2.69225371E-02 2.993590E-04

As the table demonstrates, the agreement between the reference model and the code is as good as 
can be expected, given the 7 digit output from GRIZ, until t = 5.4x10-3. This is the first time point 
when the reference model and the code disagree noticeably for the pressure due to the manner in 
which the cubic splines are employed by the code. This feeds through into the numerical integra-
tion performed by the code to determine the internal energy and the reference model and code 
never re-establish good agreement for the internal energy after that.
	 An interesting behavior is revealed by the following plot, which shows the normalized 
difference between the spreadsheet numerical integration (reference model) and the code result 
for both Cubes 1 and 2. 

Figure 26. Normalized differences for internal energy for Cubes 1 and 2

Despite a difference of three orders of magnitude in the initial value of the internal energy for 
Cubes 1 and 2, the normalized difference between the reference model and the code result for 
the internal energy returned by these cubes bear a striking resemblance to each other. This is in 
fact not a surprise, as the internal energy developed in Cube 1 becomes on the order of the initial 
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value of the internal energy in Cube 2 by a time of 8x10-4, which is very early in the calculation.
	 The following table gives the results for the internal energy for Cube 3, which had an ini-
tial internal energy of 1.0x10-6, and used the generalized response curve. The code results for the 
internal energy were extracted using GRIZ, which limits the accuracy to 7 significant figures.

Table 60. Internal energies for Cube 3 from testing EOS Form 11
Time Code (GRIZ) Reference Energy (Reference - GRIZ)/GRIZ

0.00E+00 1.00000000E-06 1.00000000E-06 0.00000000E+00
2.00E-04 1.80596600E-06 1.81834290E-06 6.85333928E-03
4.00E-04 3.76389500E-06 3.78468534E-06 5.52362251E-03
6.00E-04 7.21363400E-06 7.22450966E-06 1.50765277E-03
8.00E-04 1.36197600E-05 1.36257020E-05 4.36281390E-04
1.00E-03 2.49320600E-05 2.49449455E-05 5.16823285E-04
1.20E-03 2.31866400E-05 2.31992987E-05 5.45947248E-04
1.40E-03 2.18555100E-05 2.18681132E-05 5.76659425E-04
1.60E-03 2.09219300E-05 2.09345716E-05 6.04228454E-04
1.80E-03 2.03674900E-05 2.03801699E-05 6.22555405E-04
2.00E-03 2.01753100E-05 2.01880737E-05 6.32641486E-04
2.20E-03 2.65476100E-05 2.65584147E-05 4.06993806E-04
2.40E-03 4.12512100E-05 4.11533325E-05 -2.37271947E-03
2.60E-03 6.21536500E-05 6.19990312E-05 -2.48768711E-03
2.80E-03 9.09356100E-05 9.08311699E-05 -1.14850653E-03
3.00E-03 1.29561600E-04 1.29379950E-04 -1.40203197E-03
3.20E-03 1.13292300E-04 1.13231911E-04 -5.33034463E-04
3.40E-03 1.00351900E-04 1.00403496E-04 5.14152566E-04
3.60E-03 9.04622300E-05 9.06165804E-05 1.70624143E-03
3.80E-03 8.33530400E-05 8.36055806E-05 3.02977104E-03
4.00E-03 7.87731600E-05 7.91099118E-05 4.27495558E-03
4.20E-03 8.35865900E-05 8.38354097E-05 2.97678973E-03
4.40E-03 9.11455900E-05 9.12921790E-05 1.60829511E-03
4.60E-03 1.01735000E-04 1.01773427E-04 3.77713985E-04
4.80E-03 1.15657800E-04 1.15579024E-04 -6.81110061E-04
5.00E-03 1.33197500E-04 1.33020950E-04 -1.32547455E-03
5.20E-03 1.24404000E-04 1.24127655E-04 -2.22134977E-03
5.40E-03 1.16493200E-04 1.16120975E-04 -3.19525282E-03
5.60E-03 1.09429200E-04 1.08964184E-04 -4.24946861E-03
5.80E-03 1.03173000E-04 1.02621365E-04 -5.34669971E-03
6.00E-03 9.76918100E-05 9.70574704E-05 -6.49327270E-03
6.20E-03 1.41428900E-04 1.41287212E-04 -1.00182933E-03
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6.40E-03 2.07937900E-04 2.07809627E-04 -6.16882897E-04
6.60E-03 3.03561000E-04 3.03453104E-04 -3.55433783E-04
6.80E-03 4.36807700E-04 4.36588506E-04 -5.01808113E-04
7.00E-03 6.12227800E-04 6.11870197E-04 -5.84101645E-04
7.20E-03 9.78664600E-04 9.78420002E-04 -2.49930118E-04
7.40E-03 1.47821100E-03 1.47769636E-03 -3.48152163E-04
7.60E-03 2.15277200E-03 2.15237042E-03 -1.86542489E-04
7.80E-03 3.02791800E-03 3.02745324E-03 -1.53491620E-04
8.00E-03 4.11831000E-03 4.11781346E-03 -1.20570041E-04

As the table demonstrates, the agreement between the reference model and the code is not as 
good as that exhibited by the results from Cubes 1 and 2. Given the use of cubic splines in the ref-
erence model, as well as the code, to determine the behavior of the response curve, this was to be 
expected. In addition, there is no point in time during the simulation after which the agreement 
between the spreadsheet model and the code has clearly degraded, as was observed in the results 
from Cubes 1 and 2.
	 The following table gives the results for the internal energy for Cube 4, which had an ini-
tial internal energy of 1.0x10-3, and used the generalized response curve. The code results for the 
internal energy were extracted using GRIZ, which limits the accuracy to 7 significant figures.

Table 61. Internal energies for Cube 4 from testing EOS Form 11
Time Code (GRIZ) Reference Energy (Reference - GRIZ)/GRIZ

0.00E+00 1.00000000E-03 1.00000000E-03 0.00000000E+00
2.00E-04 1.00080600E-03 1.00081834E-03 1.23329574E-05
4.00E-04 1.00276400E-03 1.00278469E-03 2.06283185E-05
6.00E-04 1.00621400E-03 1.00622451E-03 1.04447516E-05
8.00E-04 1.01262000E-03 1.01262570E-03 5.63098480E-06
1.00E-03 1.02393200E-03 1.02394495E-03 1.26428993E-05
1.20E-03 1.02218700E-03 1.02219930E-03 1.20317291E-05
1.40E-03 1.02085600E-03 1.02086811E-03 1.18657093E-05
1.60E-03 1.01992200E-03 1.01993457E-03 1.23260604E-05
1.80E-03 1.01936700E-03 1.01938017E-03 1.29196705E-05
2.00E-03 1.01917500E-03 1.01918807E-03 1.28277605E-05
2.20E-03 1.02554800E-03 1.02555841E-03 1.01552610E-05
2.40E-03 1.04025100E-03 1.04015333E-03 -9.38884504E-05
2.60E-03 1.06115400E-03 1.06099903E-03 -1.46038029E-04
2.80E-03 1.08993600E-03 1.08983117E-03 -9.61800945E-05
3.00E-03 1.12856200E-03 1.12837995E-03 -1.61311041E-04
3.20E-03 1.11229200E-03 1.11223198E-03 -5.39618477E-05
3.40E-03 1.09935200E-03 1.09940356E-03 4.69035901E-05
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3.60E-03 1.08946200E-03 1.08961665E-03 1.41948754E-04
3.80E-03 1.08235300E-03 1.08260565E-03 2.33424766E-04
4.00E-03 1.07777300E-03 1.07810998E-03 3.12662433E-04
4.20E-03 1.08258700E-03 1.08283548E-03 2.29521573E-04
4.40E-03 1.09014600E-03 1.09029225E-03 1.34153017E-04
4.60E-03 1.10073500E-03 1.10077349E-03 3.49712701E-05
4.80E-03 1.11465800E-03 1.11457909E-03 -7.07915096E-05
5.00E-03 1.13219700E-03 1.13202102E-03 -1.55434546E-04
5.20E-03 1.12340400E-03 1.12312768E-03 -2.45965273E-04
5.40E-03 1.11549300E-03 1.11512100E-03 -3.33483761E-04
5.60E-03 1.10842900E-03 1.10796421E-03 -4.19322777E-04
5.80E-03 1.10217300E-03 1.10162139E-03 -5.00473723E-04
6.00E-03 1.09669200E-03 1.09605750E-03 -5.78560926E-04
6.20E-03 1.14042900E-03 1.14028724E-03 -1.24305147E-04
6.40E-03 1.20693800E-03 1.20680965E-03 -1.06340930E-04
6.60E-03 1.30256100E-03 1.30245313E-03 -8.28133269E-05
6.80E-03 1.43580800E-03 1.43558853E-03 -1.52852765E-04
7.00E-03 1.61122800E-03 1.61087022E-03 -2.22052274E-04
7.20E-03 1.97766500E-03 1.97742003E-03 -1.23868974E-04
7.40E-03 2.47721100E-03 2.47669638E-03 -2.07740048E-04
7.60E-03 3.15177200E-03 3.15137044E-03 -1.27406748E-04
7.80E-03 4.02691800E-03 4.02645327E-03 -1.15406773E-04
8.00E-03 5.11731000E-03 5.11681348E-03 -9.70272232E-05

As the table demonstrates, the agreement between the reference model and the code is not as 
good as that exhibited by the results from Cubes 1 and 2. Given the use of cubic splines in the ref-
erence model, as well as the code, to determine the behavior of the response curve, this was to be 
expected. In addition, there is no point in time during the simulation after which the agreement 
between the spreadsheet model and the code has clearly degraded, as was observed in the results 
from Cubes 1 and 2. Finally, the normalized difference between the reference model and the code 
results is, in the early part of the simulation, generally about an order of magnitude better than 
the results from Cube 3.
	 This last point is made more clear by the following plot, which displays the normalized 
differences for the internal energy from Cubes 3 and 4. Given that the initial value of the internal 
energy in Cube 4 is three orders of magnitude larger than that of Cube 3, it is expected that the 
normalized difference from Cube 4 would be considerably smaller than that of Cube 3 until the 
internal energy developed in Cube 3 becomes on the order of the initial value used for Cube 4, 
which occurs at t ~ 7.4x10-3.
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Figure 27. Normalized differences for internal energy for Cubes 3 and 4

	 This establishes the implementation of Equation-of-State Form 11 in DYNA3D. The 
equation-of-state is performing as expected, in that the pressure in the cubes increases as they are 
compressed and decreases as they are expanded. The behavior of the equation-of-state as a whole 
has been examined using both linearized response curves, which may represent an over test of the 
model, and generalized response curves, which are more physically realistic but harder to predict. 
Equation-of-State Form 11 is performing as expected and with good accuracy.
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Equation-of-State Form 12

	 Equation-of-State Form 12 is a modified version of Equation-of-State Form 8 for use only 
with material model 45. The input entries and formatting used for Equation-of-State Form 12 are 
identical to those used for Equation-of-State Form 8.
	 Therefore, Equation-of-State Form 12 is a tabulated equation-of-state that is linear in the 
internal energy. The form of the equation for the pressure, p, is

p C T E K,ε ε ε γ ε ε ε ε( ) ( ) ( ) ( ) ( )= + + × −ν νν ν ν ν ν

    

where E is the internal energy and en is the volumetric strain, defined by en = ln(V), where V is the 
relative volume. C(en), T(en) and K(en) represent function evaluations from the tabulated data and 
the input C(en) therefore have the units of pressure. The minimum volumetric strain, ε!

ν
 , is given 

by the following expression: 

t tmin ( ) ,0ε ε τ τ( ) =   ≤ ≤νν



Note that the pressure is positive in compression and the volumetric strain is positive in tension. 
Also, the code expects the material to become stiffer with increasing compression and will issue a 
warning if the unloading bulk moduli do not fulfill this requirement.
	 It is important to note that in this equation-of-state model unloading occurs along a line 
using the interpolated value of the unloading bulk modulus that corresponds to the most com-
pressive volumetric strain experienced by the system. To put this bluntly, the system unloads at 
the point at which the compression is relieved and unloads along a path that is probably different 
than the loading line and may not be linear if the contribution from the second term in the equa-
tion is important because the internal energy continues to evolve along the unloading/reloading 
path.
	 As there are really only two terms in EOS Form 12, this equation-of-state model will be 
tested with 3 cubes, one for each term (2 cubes) and one for the full equation-of-state model. 
However, due to the unloading/reloading behavior introduced by the bulk unloading moduli, the 
cubes do not use the same drive that has been used in all the previous tests. Instead, the cubes are 
compressed by moving all 8 nodes in 0.004 cm, releasing the nodes back to 0.001 cm, moving the 
nodes in 0.007 cm, releasing back to 0.001 cm, moving in to 0.01 cm, releasing back to 0.005 cm 
and then compressing back to 0.01 cm. This series of compressions and releases tests the unload-
ing/reloading behavior introduced into this equation-of-state model.
	 Prior to discussing the calculations using EOS Form 12, a few code issues need to be 
addressed and these are not necessarily readily apparent to the user.  First, in order for the term 
dependent on the internal energy to perform as expected, it is required to have an initial energy 
present in the simulation, so the initial internal energy was set to a value of 1.0e-3 in all of the 
cubes. In addition, in order to eliminate issues with the work performed by the bulk viscosity, the 
two input coefficients for the bulk viscosity on the material card were set to 1.0e-20 in each of the 
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3 cubes. Failing to do so results in the work performed on the cube being dominated by contribu-
tions from the bulk viscosity. Also, in order to correctly calculate the sound speed, it is necessary 
to use non-zero values for the C(en) coefficients, so these were set to very small values for the test-
ing of the second term using Cube 2. Finally, the code version used for this test was version 15.2.0 
revision 1.3377.
	 The input coefficients for Equation-of-State Form 12 chosen were the same as those used 
for the testing of EOS Forms 8 and 9 and are such that the contribution to the pressure from the 
two terms was of the same order of magnitude as a function of time during the compression and 
expansion of the cubes. The input coefficients were also chosen to be linear in the volumetric 
strain and are in fact just scaled by multiples of 10 from each other. The additional unloading bulk 
moduli were chosen to be linear in the relative volume. The following table lists the (truncated) 
values of the input coefficients for each of the cubes in the testing of EOS Form 12.

Table 62. Suite of test input coefficients for EOS Form 12
Cube

1 en -6.19e-2 -4.08e-2 -2.02e-2 0.00 1.98e-2 3.92e-2 5.83e-2 7.70e-2
1 C(en) 6.19e-4 4.08e-4 2.02e-4 0.00 -1.98e-4 -3.92e-4 -5.83e-4 -7.70e-4
1 T(en) 61.9 40.8 20.2 0.00 -19.8 -39.2 -58.3 -77.0
1 g 0.0
1 K(en) 0.018 0.016 0.014 0.012 0.010 0.008 0.006 0.004
2 en -6.19e-2 -4.08e-2 -2.02e-2 0.00 1.98e-2 3.92e-2 5.83e-2 7.70e-2
2 C(en) 6.19e-10 4.08e-10 2.02e-10 0.00 -1.98e-10 -3.92e-10 -5.83e-10 -7.70e-10
2 T(en) 61.9 40.8 20.2 0.00 -19.8 -39.2 -58.3 -77.0
2 g 0.01
2 K(en) 0.018 0.016 0.014 0.012 0.010 0.008 0.006 0.004
3 en -6.19e-2 -4.08e-2 -2.02e-2 0.00 1.98e-2 3.92e-2 5.83e-2 7.70e-2
3 C(en) 6.19e-4 4.08e-4 2.02e-4 0.00 -1.98e-4 -3.92e-4 -5.83e-4 -7.70e-4
3 T(en) 61.9 40.8 20.2 0.00 -19.8 -39.2 -58.3 -77.0
3 g 0.01
3 K(en) 0.018 0.016 0.014 0.012 0.010 0.008 0.006 0.004

	 The two terms in the equation-of-state were tested (almost) independently, given the re-
quirement on the C(en) coefficients, then the full equation-of-state model was tested. The follow-
ing plot displays the pressures from the first two terms, as returned by the code, as a function of 
time for this simulation.
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Figure 28. Code pressures for the two terms of EOS Form 12 as a function of time

As the plot demonstrates, not only are both terms contributing pressures on the order of 6x10-4 at 
the peak of the compression, but the contributions of the two terms are nearly identical.
	 The following observations may be made from the plot. Both terms contribute an increase 
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	 Using the normalized difference defined by equation 1, the agreement between the pres-
sures for the second term as calculated using the reference expression and the results returned by 
the code is demonstrated in the following table as a function of time, using the expected value for 
the bulk unloading modulus.

Table 63. Reference and Code Pressures for the second term of EOS Form 12
Time Reference Pressure Code Pressure (Reference - Code)/Code
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6.00E-03 6.76014835E-05 6.76396618E-05 -5.6443717434E-04
7.00E-03 1.54479117E-04 1.54498165E-04 -1.2329029940E-04
8.00E-03 2.41654812E-04 2.41654683E-04 5.3282005686E-07
9.00E-03 3.02856625E-04 3.02856435E-04 6.2538061024E-07

-­‐3.000E-­‐04	
  

-­‐2.000E-­‐04	
  

-­‐1.000E-­‐04	
  

0.000E+00	
  

1.000E-­‐04	
  

2.000E-­‐04	
  

3.000E-­‐04	
  

4.000E-­‐04	
  

5.000E-­‐04	
  

6.000E-­‐04	
  

7.000E-­‐04	
  

0.00E+00	
   5.00E-­‐03	
   1.00E-­‐02	
   1.50E-­‐02	
   2.00E-­‐02	
   2.50E-­‐02	
   3.00E-­‐02	
   3.50E-­‐02	
   4.00E-­‐02	
  

Term	
  1	
  Pressure	
  

Term	
  2	
  Pressure	
  



89

Equation-of-state Test Suite
LLNL-TR-678906

1.00E-02 3.64504043E-04 3.64503763E-04 7.6994413897E-07
1.10E-02 4.26662669E-04 4.26662290E-04 8.8843537444E-07
1.20E-02 3.27605963E-04 3.27614589E-04 -2.6330795027E-05
1.30E-02 2.28989226E-04 2.29006114E-04 -7.3744224565E-05
1.40E-02 1.30812541E-04 1.30837676E-04 -1.9211113496E-04
1.50E-02 3.30759851E-05 3.31093528E-05 -1.0078029773E-03
1.60E-02 -6.42203653E-05 -6.41787843E-05 6.4789400277E-04
1.70E-02 -1.61076437E-04 -1.61026658E-04 3.0913682005E-04
1.80E-02 -6.42203656E-05 -6.41786784E-05 6.4954971629E-04
1.90E-02 3.30759839E-05 3.31092989E-05 -1.0062148624E-03
2.00E-02 1.30812538E-04 1.30837465E-04 -1.9051407712E-04
2.10E-02 2.28989221E-04 2.29005744E-04 -7.2151479788E-05
2.20E-02 3.27605955E-04 3.27614051E-04 -2.4712328103E-05
2.30E-02 4.26662658E-04 4.26662288E-04 8.6785207049E-07
2.40E-02 4.89398502E-04 4.89398028E-04 9.7014850584E-07
2.50E-02 5.52778113E-04 5.52777717E-04 7.1650450587E-07
2.60E-02 6.16868668E-04 6.16867951E-04 1.1614321975E-06
2.70E-02 5.05542241E-04 5.05550085E-04 -1.5515119336E-05
2.80E-02 3.94820409E-04 3.94835353E-04 -3.7848220107E-05
2.90E-02 2.84703298E-04 2.84725339E-04 -7.7413835043E-05
3.00E-02 1.75191019E-04 1.75220144E-04 -1.6622256211E-04
3.10E-02 6.62836756E-05 6.63198740E-05 -5.4581536632E-04
3.20E-02 1.75191018E-04 1.75219759E-04 -1.6402970454E-04
3.30E-02 2.84703295E-04 2.84724714E-04 -7.5227342288E-05
3.40E-02 3.94820403E-04 3.94834477E-04 -3.5645092011E-05
3.50E-02 5.05542230E-04 5.05548936E-04 -1.3264057397E-05
3.60E-02 6.16868651E-04 6.16867944E-04 1.1464656177E-06

As the table demonstrates, the agreement between the reference expression and the code results 
is very good along the monotonic portion of the loading line, where the agreement is better than 
about 4 parts in 106. However, the agreement along the unloading/reloading lines is dramatical-
ly poorer, with the agreement being as poor as 1 part in 103.  This appears to be due to the code 
using a slightly different value for the bulk unloading modulus than was used in the reference 
model, since if the differences along the unloading/reloading lines are minimized in the reference 
model, the agreement improves dramatically, as demonstrated in the following table. 

Table 64. Reference and Code Pressures for the second term of EOS Form 12 using min K(en)
Time Reference Pressure Code Pressure (Reference - Code)/Code

0.00E+00 0.00000000E+00 0.00000000E+00 0.0000000000E+00
1.00E-03 1.20327020E-04 1.20326954E-04 5.5165968782E-07
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2.00E-03 2.41654811E-04 2.41654556E-04 1.0560400266E-06
3.00E-03 1.54498236E-04 1.54498319E-04 -5.3259227009E-07
4.00E-03 6.76396838E-05 6.76397286E-05 -6.6225899356E-07
5.00E-03 -1.89209742E-05 -1.89209665E-05 4.1003799156E-07
6.00E-03 6.76396837E-05 6.76396618E-05 3.2387776179E-07
7.00E-03 1.54498236E-04 1.54498165E-04 4.6093553743E-07
8.00E-03 2.41654812E-04 2.41654683E-04 5.3282005686E-07
9.00E-03 3.02856625E-04 3.02856435E-04 6.2538061024E-07
1.00E-02 3.64504043E-04 3.64503763E-04 7.6994413897E-07
1.10E-02 4.26662669E-04 4.26662290E-04 8.8843537444E-07
1.20E-02 3.27614331E-04 3.27614589E-04 -7.8906619122E-07
1.30E-02 2.29005945E-04 2.29006114E-04 -7.3847005042E-07
1.40E-02 1.30837594E-04 1.30837676E-04 -6.3087877714E-07
1.50E-02 3.31093552E-05 3.31093528E-05 7.2771293959E-08
1.60E-02 -6.41786946E-05 -6.41787843E-05 -1.3965384413E-06
1.70E-02 -1.61026483E-04 -1.61026658E-04 -1.0887717475E-06
1.80E-02 -6.41786949E-05 -6.41786784E-05 2.5810385343E-07
1.90E-02 3.31093540E-05 3.31092989E-05 1.6625258343E-06
2.00E-02 1.30837591E-04 1.30837465E-04 9.6648897232E-07
2.10E-02 2.29005940E-04 2.29005744E-04 8.5439257739E-07
2.20E-02 3.27614323E-04 3.27614051E-04 8.2944266878E-07
2.30E-02 4.26662658E-04 4.26662288E-04 8.6785207049E-07
2.40E-02 4.89398502E-04 4.89398028E-04 9.7014850584E-07
2.50E-02 5.52778113E-04 5.52777717E-04 7.1650450587E-07
2.60E-02 6.16868668E-04 6.16867951E-04 1.1614321975E-06
2.70E-02 5.05549505E-04 5.05550085E-04 -1.1479558303E-06
2.80E-02 3.94834921E-04 3.94835353E-04 -1.0940048037E-06
2.90E-02 2.84725043E-04 2.84725339E-04 -1.0395698054E-06
3.00E-02 1.75219984E-04 1.75220144E-04 -9.1705199078E-07
3.10E-02 6.63198451E-05 6.63198740E-05 -4.3702065217E-07
3.20E-02 1.75219983E-04 1.75219759E-04 1.2761687729E-06
3.30E-02 2.84725040E-04 2.84724714E-04 1.1470906924E-06
3.40E-02 3.94834915E-04 3.94834477E-04 1.1092048453E-06
3.50E-02 5.05549494E-04 5.05548936E-04 1.1031387627E-06
3.60E-02 6.16868651E-04 6.16867944E-04 1.1464656177E-06

As this table demonstrates, the agreement along the unloading/reloading portions of the curves 
has, in general, improved by about an order of magnitude. This improvement, while somewhat 
less than that observed in the testing of EOS Form 8, is achieved in the same manner by chang-
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ing the value used for the bulk unloading modulus along the unloading/reloading curves by the 
amounts given in the following table.

Table 65. Expected and minimizing values of K(en) for the second term of EOS Form 12
Expected K(en) Minimizing K(en) (Min - Expected)/Expected

0.014381 0.014377687 -2.20032E-04
0.016141 0.016140098 -8.52778E-05
0.017881 0.017879612 -6.64150E-05

As the table demonstrates, a small change in the value of the bulk unloading modulus (less than 
3 parts in 104) results in a considerable improvement in the agreement between the reference 
pressures and the code results. This implies that even though the input to the code was chosen 
such that the unloading points corresponded to input values of K(en), the interpolation routine 
returned values for the bulk unloading modulus that differed slightly from the input values. A dif-
ference this small in the returned value from an interpolation routine is not surprising. It is worth 
noting that as in the testing of EOS Forms 8 and 9, the agreement between the reference expres-
sion and the code results for the first term is significantly better than that exhibited by the second 
term (approximately 5 orders of magnitude better), which is most likely due to the numerical 
integration of the internal energy, as will be demonstrated below. Note that since the pressure due 
to the first term is not dependent on the internal energy, it is unaffected by the code’s determina-
tion of the internal energy. It is also worth noting that the improvement in the agreement between 
the reference model and the code results is nearly the same in the testing of EOS Form 12 as that 
observed in the testing of EOS Forms 8 and 9.
	 Now that the behavior of the pressure resulting from each of the individual terms in the 
expression for Equation-of-State Form 12 has been investigated, the behavior of the full expres-
sion can be examined. The following plot displays the pressure returned by the code as a function 
of time for EOS Form 12.

Figure 29. Code pressures for EOS Form 12 as a function of time
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Note that the pressure is behaving as one would expect, in that the pressure increases as the cube 
is compressed and decreases as the compression is released. In addition, the initial pressure is 
zero, as expected from the choice of input coefficients.
	 The following table compares the pressure returned by the code as a function of time for 
the full expression for Equation-of-State Form 12 to that predicted by the reference expression.

Table 66. Reference and Code Pressures for Equation-of-State Form 12
Time Reference Pressure Code Pressure (Reference - Code)/Code

0.00E+00 0.00000000E+00 0.000000000E+00 0.0000000000E+00
1.00E-03 2.40653800E-04 2.406536672E-04 5.5209347528E-07
2.00E-03 4.83309140E-04 4.833086291E-04 1.0564150708E-06
3.00E-03 3.95789183E-04 3.958085045E-04 -4.8816338765E-05
4.00E-03 3.08566392E-04 3.086047569E-04 -1.2431614003E-04
5.00E-03 2.21640643E-04 2.216980123E-04 -2.5877448399E-04
6.00E-03 3.08566392E-04 3.086044520E-04 -1.2332808477E-04
7.00E-03 3.95789183E-04 3.958081106E-04 -4.7821068434E-05
8.00E-03 4.83309140E-04 4.833088822E-04 5.3294141551E-07
9.00E-03 6.05712643E-04 6.057122641E-04 6.2536941474E-07
1.00E-02 7.29007356E-04 7.290067950E-04 7.6989159052E-07
1.10E-02 8.53324483E-04 8.533237251E-04 8.8834936468E-07
1.20E-02 7.53214264E-04 7.532232344E-04 -1.1910019423E-05
1.30E-02 6.53542357E-04 6.535595840E-04 -2.6359147517E-05
1.40E-02 5.54308861E-04 5.543343329E-04 -4.5951133343E-05
1.50E-02 4.55513870E-04 4.555475808E-04 -7.3999635316E-05
1.60E-02 3.57157479E-04 3.571994059E-04 -1.1737760775E-04
1.70E-02 2.59239775E-04 2.592898969E-04 -1.9330249369E-04
1.80E-02 3.57157479E-04 3.571988179E-04 -1.1573167302E-04
1.90E-02 4.55513870E-04 4.555468292E-04 -7.2349997803E-05
2.00E-02 5.54308861E-04 5.543334298E-04 -4.4322006088E-05
2.10E-02 6.53542357E-04 6.535585230E-04 -2.4735674298E-05
2.20E-02 7.53214264E-04 7.532219911E-04 -1.0259405225E-05
2.30E-02 8.53324483E-04 8.533237132E-04 9.0220283562E-07
2.40E-02 9.78796059E-04 9.787950667E-04 1.0139321503E-06
2.50E-02 1.10555517E-03 1.105554318E-03 7.7154801360E-07
2.60E-02 1.23373617E-03 1.233734657E-03 1.2295921558E-06
2.70E-02 1.12025471E-03 1.120263196E-03 -7.5720586183E-06
2.80E-02 1.00737662E-03 1.007392196E-03 -1.5457695727E-05
2.90E-02 8.95102082E-04 8.951247552E-04 -2.5329711888E-05
3.00E-02 7.83431247E-04 7.834610059E-04 -3.7984137082E-05
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3.10E-02 6.72364269E-04 6.724011179E-04 -5.4801549461E-05
3.20E-02 7.83431247E-04 7.834592830E-04 -3.5785165315E-05
3.30E-02 8.95102082E-04 8.951227856E-04 -2.3129343949E-05
3.40E-02 1.00737662E-03 1.007389955E-03 -1.3232919400E-05
3.50E-02 1.12025471E-03 1.120260641E-03 -5.2918074369E-06
3.60E-02 1.23373617E-03 1.233734630E-03 1.2512061875E-06

As might have been expected, given the analysis of the second term for this EOS model, the 
agreement between the theoretical expression and the code results is very good along the mono-
tonic portion of the loading line, where the agreement is better than about 1 part in 106, which is 
similar to that observed in the testing of EOS Form 8. However, the agreement along the unload-
ing/reloading lines is dramatically poorer, with the agreement being as poor as ~ 3 parts in 104.  
This appears to be due to the code using a slightly different value for the bulk unloading modulus 
than was used in the reference model, since if the differences along the unloading/reloading lines 
are minimized in the reference model, the agreement improves dramatically, as demonstrated in 
the following table.

Table 67. Reference and Code Pressures for EOS Form 12 using min K(en)
Time Reference Pressure Code Pressure (Reference - Code)/Code

0.00E+00 0.00000000E+00 0.000000000E+00 0.0000000000E+00
1.00E-03 2.40653800E-04 2.406536672E-04 5.5209347528E-07
2.00E-03 4.83309140E-04 4.833086291E-04 1.0564150708E-06
3.00E-03 3.95808323E-04 3.958085045E-04 -4.5749905300E-07
4.00E-03 3.08604636E-04 3.086047569E-04 -3.9320912365E-07
5.00E-03 2.21697950E-04 2.216980123E-04 -2.8207980461E-07
6.00E-03 3.08604636E-04 3.086044520E-04 5.9496859499E-07
7.00E-03 3.95808323E-04 3.958081106E-04 5.3781939879E-07
8.00E-03 4.83309140E-04 4.833088822E-04 5.3294141551E-07
9.00E-03 6.05712643E-04 6.057122641E-04 6.2536941474E-07
1.00E-02 7.29007356E-04 7.290067950E-04 7.6989159052E-07
1.10E-02 8.53324483E-04 8.533237251E-04 8.8834936468E-07
1.20E-02 7.53222632E-04 7.532232344E-04 -7.9996137089E-07
1.30E-02 6.53559077E-04 6.535595840E-04 -7.7649941616E-07
1.40E-02 5.54333915E-04 5.543343329E-04 -7.5393051873E-07
1.50E-02 4.55547243E-04 4.555475808E-04 -7.4241160982E-07
1.60E-02 3.57199152E-04 3.571994059E-04 -7.1105985819E-07
1.70E-02 2.59289733E-04 2.592898969E-04 -6.3150779575E-07
1.80E-02 3.57199152E-04 3.571988179E-04 9.3506692582E-07
1.90E-02 4.55547243E-04 4.555468292E-04 9.0734675990E-07
2.00E-02 5.54333915E-04 5.543334298E-04 8.7527037146E-07
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2.10E-02 6.53559077E-04 6.535585230E-04 8.4701533636E-07
2.20E-02 7.53222632E-04 7.532219911E-04 8.5067116574E-07
2.30E-02 8.53324483E-04 8.533237132E-04 9.0220283562E-07
2.40E-02 9.78796059E-04 9.787950667E-04 1.0139321503E-06
2.50E-02 1.10555517E-03 1.105554318E-03 7.7154801360E-07
2.60E-02 1.23373617E-03 1.233734657E-03 1.2295921558E-06
2.70E-02 1.12026199E-03 1.120263196E-03 -1.0739929891E-06
2.80E-02 1.00739117E-03 1.007392196E-03 -1.0201442935E-06
2.90E-02 8.95123876E-04 8.951247552E-04 -9.8197860284E-07
3.00E-02 7.83460276E-04 7.834610059E-04 -9.3117621903E-07
3.10E-02 6.72400519E-04 6.724011179E-04 -8.8996502543E-07
3.20E-02 7.83460276E-04 7.834592830E-04 1.2678770298E-06
3.30E-02 8.95123876E-04 8.951227856E-04 1.2184429118E-06
3.40E-02 1.00739117E-03 1.007389955E-03 1.2046641544E-06
3.50E-02 1.12026199E-03 1.120260641E-03 1.2062730098E-06
3.60E-02 1.23373617E-03 1.233734630E-03 1.2512061875E-06

As this table demonstrates, the agreement along the unloading/reloading portions of the curves 
has improved dramatically, with the agreement now being better by orders of magnitude, just as 
observed in the testing of EOS Form 8. This improvement is achieved by changing the value used 
for the bulk unloading modulus along the unloading/reloading curves by the amounts given in 
the following table.

Table 68. Expected and minimizing values of K(en) for EOS Form 12
Expected K(en) Minimizing K(en) (Min - Expected)/Expected

0.014381 0.014377683 -2.202795863E-04
0.016141 0.016140098 -8.528302341E-05
0.017881 0.01787961 -6.656329659E-05

As the table demonstrates, the changes in the value of the bulk unloading modulus are very small 
and result in a dramatic improvement in the agreement between the reference pressures and the 
code results, as was observed in the previous testing. This implies that even though the input to 
the code was chosen such that the unloading points corresponded to input values of K(en), the 
interpolation routine returned values for the bulk unloading modulus that differed slightly from 
the input values. A difference this small in the returned value from an interpolation routine is 
not surprising. It is also worth noting that the values used for the full expression of EOS Form 12 
are essentially identical to those used for the analysis of the second term of this equation-of-state 
model. This is not a surprise, as the non-linear behavior along the unloading/reloading curve is 
due to the evolution of the internal energy and this term is the same in both cubes. 
	 The code results for the internal energy can also be examined for this equation-of-state 
model. As the pressure for the first term is independent of the internal energy, we shall concen-
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trate on the behavior of the second term and the full expression for this EOS model. Given the 
form for the pressure along the unloading/reloading lines, there is no simple closed form solution 
for the internal energy along these lines and so the code results will be compared to those ob-
tained from a simple numerical integration performed in EXCEL (Reference Energy). The follow-
ing table makes this comparison for the second term in EOS Form 12 using the minimized value 
for K(en).

Table 69. Reference and Code Internal Energies for the second term of EOS Form 12
Time Code (GRIZ) Reference Energy (Reference - GRIZ)/GRIZ

0.00E+00 1.00000000E-03 1.00000000E-03 0.000000E+00
1.00E-03 1.00071700E-03 1.00071738E-03 3.792183E-07
2.00E-03 1.00286100E-03 1.00286108E-03 7.576553E-08
3.00E-03 1.00168900E-03 1.00168952E-03 5.180532E-07
4.00E-03 1.00103000E-03 1.00103007E-03 7.287402E-08
5.00E-03 1.00088500E-03 1.00088511E-03 1.131035E-07
6.00E-03 1.00103000E-03 1.00103007E-03 7.250348E-08
7.00E-03 1.00168900E-03 1.00168952E-03 5.176827E-07
8.00E-03 1.00286100E-03 1.00286108E-03 7.744130E-08
9.00E-03 1.00446500E-03 1.00446502E-03 1.693502E-08
1.00E-02 1.00642300E-03 1.00642294E-03 -5.954258E-08
1.10E-02 1.00873500E-03 1.00873474E-03 -2.546050E-07
1.20E-02 1.00653100E-03 1.00653077E-03 -2.253202E-07
1.30E-02 1.00489800E-03 1.00489786E-03 -1.408413E-07
1.40E-02 1.00383800E-03 1.00383808E-03 8.419717E-08
1.50E-02 1.00335400E-03 1.00335352E-03 -4.791312E-07
1.60E-02 1.00344600E-03 1.00344621E-03 2.120758E-07
1.70E-02 1.00411800E-03 1.00411820E-03 1.965543E-07
1.80E-02 1.00344600E-03 1.00344621E-03 2.113500E-07
1.90E-02 1.00335400E-03 1.00335352E-03 -4.820295E-07
2.00E-02 1.00383800E-03 1.00383808E-03 7.769001E-08
2.10E-02 1.00489800E-03 1.00489785E-03 -1.523779E-07
2.20E-02 1.00653100E-03 1.00653076E-03 -2.432864E-07
2.30E-02 1.00873500E-03 1.00873472E-03 -2.803757E-07
2.40E-02 1.01140100E-03 1.01140064E-03 -3.511651E-07
2.50E-02 1.01442100E-03 1.01442131E-03 3.092989E-07
2.60E-02 1.01779800E-03 1.01779768E-03 -3.099844E-07
2.70E-02 1.01455800E-03 1.01455769E-03 -3.020986E-07
2.80E-02 1.01194800E-03 1.01194812E-03 1.226869E-07
2.90E-02 1.00997100E-03 1.00997067E-03 -3.235538E-07
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3.00E-02 1.00862700E-03 1.00862701E-03 9.759291E-09
3.10E-02 1.00791900E-03 1.00791878E-03 -2.228285E-07
3.20E-02 1.00862700E-03 1.00862701E-03 8.632773E-09
3.30E-02 1.00997100E-03 1.00997067E-03 -3.280495E-07
3.40E-02 1.01194800E-03 1.01194811E-03 1.126015E-07
3.50E-02 1.01455800E-03 1.01455768E-03 -3.199634E-07
3.60E-02 1.01779800E-03 1.01779766E-03 -3.377797E-07

As the table demonstrates, the level of agreement between the EXCEL numerical integration and 
the code results for the internal energy is better than ~ 5 parts in 107, which is about as good as 
can be expected, given the limitations on the GRIZ output. This establishes that the internal ener-
gies being returned by the code are reasonable for the second term in EOS Form 12.
	 There is also no simple closed form solution for the internal energy due to the full expres-
sion for Equation-of-State Form 12. A numerical integration was performed in EXCEL (Reference 
Energy) to compare against the code results. The following table gives the result of that compari-
son using the minimized value for K(en).

Table 70. Reference and Code Internal Energies for EOS Form 12
Time Code (GRIZ) Reference Energy (Reference - GRIZ)/GRIZ

0.00E+00 1.00000000E-03 1.00000000E-03 0.000000E+00
1.00E-03 1.00143500E-03 1.00143476E-03 -2.421068E-07
2.00E-03 1.00572200E-03 1.00572215E-03 1.454104E-07
3.00E-03 1.00312200E-03 1.00312191E-03 -9.254975E-08
4.00E-03 1.00103000E-03 1.00103007E-03 6.820907E-08
5.00E-03 9.99449100E-04 9.99449012E-04 -8.786879E-08
6.00E-03 1.00103000E-03 1.00103007E-03 6.820937E-08
7.00E-03 1.00312200E-03 1.00312191E-03 -9.217973E-08
8.00E-03 1.00572200E-03 1.00572215E-03 1.457803E-07
9.00E-03 1.00893000E-03 1.00893002E-03 2.190173E-08
1.00E-02 1.01284600E-03 1.01284586E-03 -1.339746E-07
1.10E-02 1.01746900E-03 1.01746947E-03 4.578674E-07
1.20E-02 1.01277500E-03 1.01277473E-03 -2.661050E-07
1.30E-02 1.00864700E-03 1.00864713E-03 1.316312E-07
1.40E-02 1.00508900E-03 1.00508880E-03 -2.013634E-07
1.50E-02 1.00210200E-03 1.00210183E-03 -1.671981E-07
1.60E-02 9.99688300E-04 9.99688327E-04 2.710428E-08
1.70E-02 9.97850300E-04 9.97850354E-04 5.373789E-08
1.80E-02 9.99688300E-04 9.99688327E-04 2.710514E-08
1.90E-02 1.00210200E-03 1.00210183E-03 -1.671964E-07
2.00E-02 1.00508900E-03 1.00508880E-03 -2.013609E-07
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2.10E-02 1.00864700E-03 1.00864713E-03 1.316345E-07
2.20E-02 1.01277500E-03 1.01277473E-03 -2.661008E-07
2.30E-02 1.01746900E-03 1.01746947E-03 4.578724E-07
2.40E-02 1.02280100E-03 1.02280134E-03 3.278069E-07
2.50E-02 1.02884300E-03 1.02884269E-03 -3.011130E-07
2.60E-02 1.03559500E-03 1.03559545E-03 4.364424E-07
2.70E-02 1.02880000E-03 1.02879978E-03 -2.186758E-07
2.80E-02 1.02263200E-03 1.02263250E-03 4.922528E-07
2.90E-02 1.01709500E-03 1.01709541E-03 4.061334E-07
3.00E-02 1.01219000E-03 1.01219025E-03 2.495096E-07
3.10E-02 1.00791900E-03 1.00791874E-03 -2.553281E-07
3.20E-02 1.01219000E-03 1.01219025E-03 2.495113E-07
3.30E-02 1.01709500E-03 1.01709541E-03 4.061369E-07
3.40E-02 1.02263200E-03 1.02263250E-03 4.922579E-07
3.50E-02 1.02880000E-03 1.02879978E-03 -2.186691E-07
3.60E-02 1.03559500E-03 1.03559545E-03 4.364507E-07

As the table demonstrates, the level of agreement between the EXCEL numerical integration and 
the code results for the internal energy is better than ~ 5 parts in 107, which is similar to that ex-
hibited by the second term of this EOS model. 
	 This establishes the implementation of Equation-of-State Form 12 in DYNA3D. The 
equation-of-state is performing as expected, in that the pressure in the cubes increases as they are 
compressed and decreases as they are expanded. The behavior of each of the terms in the equa-
tion-of-state has been examined and found to be performing as expected and with reasonable 
accuracy. The behavior of the equation-of-state as a whole has been examined and is performing 
as expected and with reasonable accuracy. 
	 It is interesting to note that the results achieved in this testing are essentially the same 
as those obtained in the testing of EOS Form 8, which is essentially the same equation-of-state. 
Therefore, the change in the material model has had little, if any, impact on the EOS results.
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Equation-of-State Form 13

	 Equation-of-State Form 13 is used to calculate the shock initiation and detonation wave 
propagation of solid high explosives. It serves as an alternative to the programmed burn options 
available in the code. This equation-of-state must be used only with Material Type 9 or 10.
	 This equation-of-state uses a JWL equation to describe both the unreacted explosive (des-
ignated by a subscript ‘e’) and the reaction products (denoted by a subscript ‘p’). The pressure in 
the unreacted explosive is given by 

p R e R e R
T
Ve e

R V
e

R V
e

e

e
1 2 3

e e e e5 6= + +− −

where p is the pressure, V is the relative volume and T is the temperature. R3e is a constant related 
to the specific heat cne and the JWL parameter w by

R c .e e e3
ω= ν

	 The pressure in the reaction products is given by a similar JWL equation
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where p is the pressure, V is the relative volume and T is the temperature. R3p is a constant related 
to the specific heat cnp and the JWL parameter w by

R c .p p p3
ω= ν

	 As the unreacted explosive is converted to reaction products, these two JWL equations 
are used to calculate the pressure of the mixture. The mixture is defined by the reacted fraction, 
F, where F = 0 indicates no reactions have occurred (all unreacted explosive) and F = 1 indicates 
complete reaction (all reaction products). The temperatures and pressures of the reactants and 
products are assumed to be in equilibrium (Te = Tp and pe = pp) and the relative volumes are addi-
tive

V F V V(1 ) .e p= − +

	 Author’s Note: This equation is taken from the manual version dated June, 2013. If the 
definitions given in the paper by Cochran and Chan7 are followed, this equation for the volumes is 
7Cochran and Chan, Shock Initiation and Detonation Models in 1 and 2 Dimension, UCID-18024, 1979.
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incorrect. It should read V=(1-F)Ve + FVp, and is being corrected in the code manual.
	 The reacted fraction, F, is defined by three terms: an ignition term which models the con-
version of a small amount of explosive into reaction products after being compressed by the shock 
wave, a slow growth term which models the spread of this initial reaction and a rapid completion 
term that dominates at high pressure and temperature. This leads to the following form for the 
reaction rate
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where the ignition term is given by
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the growth term is given by
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the completion term is given by
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and Fq, Fr, Ccrit, h, G1, s1, a1, m, G2, s2, a2, and n are given constants. The ignition term is set to zero 
when F ≥ Fmax,ig, the growth term is set to zero when F ≥ Fmax,gr, and the completion term is set to 
zero when F ≤ Fmin,gr, where these three limits are also input parameters. 
	 Testing of this equation-of-state model will be performed using 12 cubes. The JWL equa-
tion for the unreacted explosive will be tested using the first four cubes, with the growth param-
eters set to zero. The first three cubes will test the three individual terms and the fourth cube will 
test the entire expression. The JWL equation for the reaction products will be tested using cubes 
5 through 8 with the growth parameters made large enough to convert all of the unreacted ex-
plosive to reaction products essentially instantaneously. The first three cubes will test the three 
individual terms and the fourth cube will test the entire expression. The final four cubes will be 
used to test a modification of the equation-of-state model for a representative material. The first 
three cubes will test each of the growth terms individually and the fourth cube will test the three 
terms combined. The input coefficients for the growth terms for this representative material will 
be modified from the known values to achieve a reasonable amount of growth for this testing 
considering the loading curve in use.
	 Prior to discussing the calculations using EOS Form 13, a few code issues need to be 
addressed and these are not necessarily readily apparent to the user.  First, in order to eliminate 
issues with the work performed by the bulk viscosity, the two input coefficients for the bulk 
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viscosity on the material card were set to 1.0e-20 in each of the 9 cubes. Failing to do so results 
in the work performed on the cube being dominated by contributions from the bulk viscosity. In 
addition, in order to test the individual terms, it is necessary to use positive Ri input coefficients 
in order to eliminate attempting to take the square root of a negative number to find the sound 
speed. Finally, the code version used for this test was version 14.2.0 revision 1.3342.
	 The first four cubes test the JWL equation for the unreacted explosive by setting each of 
the three terms in the reaction rate equation to zero. This is achieved by setting Fq, G1 and G2 to 
zero, so the reaction rate is identically zero. The following table lists the values of the input coeffi-
cients used in Cubes 1-4 for the testing of EOS Form 13.

Table 71. Input coefficients for Cubes 1-4 for the reactant JWL in EOS Form 13
Cube 1 Cube 2 Cube 3 Cube 4

R1p 0 0 0 0
R2p 0 0 0 0
R5p 4.6 4.6 4.6 4.6
R6p 1.3 1.3 1.3 1.3
Fr 0.667 0.667 0.667 0.667
R3p 0 0 0 0
R1e 9522.0 0 0 9522.0
R2e 0 0.05944 0 -0.05944
R3e 0 0 2.4656e-5 2.4656e-5
R5e 14.1 14.1 14.1 14.1
R6e 1.41 1.41 1.41 1.41

Fmax,ig 0.3 0.3 0.3 0.3
Fq 0 0 0 0
G1 0 0 0 0
m 1.0 1.0 1.0 1.0
a1 0.111 0.111 0.111 0.111
s1 0.667 0.667 0.667 0.667
cnp 1.0e-5 1.0e-5 1.0e-5 1.0e-5
cne 2.7813e-5 2.7813e-5 2.7813e-5 2.7813e-5
h 20 20 20 20

Ccrit 0 0 0 0
Qr 0.102 0.102 0.102 0.102
T0 298.0 298.0 298.0 298.0
G2 0 0 0 0
a2 1 1 1 1
s2 0.333 0.333 0.333 0.333
n 2 2 2 2

Fmax,gr 0.5 0.5 0.5 0.5
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Fmin,gr 0 0 0 0

	 The results from Cubes 1 and 2 are displayed in the following plot, which displays the 
pressure returned by the code as a function of time for these two cubes.

Figure 30. Code pressures for Cubes 1 and 2 for EOS Form 13 as a function of time

	 The following observations may be made from the plot. Both cubes exhibit an increase 
in the pressure as the cubes are compressed and both exhibit a decrease in pressure as the cubes 
are expanded, as expected. In addition, given the choice of input coefficients, the pressure of both 
cubes is not expected to be zero at the beginning of the simulation and this behavior is also ob-
served. Finally, the pressure at the end of the simulation is the same as at the beginning, as expect-
ed. Therefore, at least qualitatively, the code output is behaving as expected.
	 Using the normalized difference defined by equation 1, the agreement between the pres-
sure calculated using the reference expression and the code pressure for Cube 1, which tests the 
first term in the reactant JWL, is given in the following table.

Table 72. Reference and Code Pressures for Cube 1 for the reactant JWL in EOS Form 13
Time Reference Pressure Code Pressure (Reference - Code)/Code

0.00E+00 7.16434E-03 7.16434E-03 6.05333E-16
1.00E-03 1.08906E-02 1.08906E-02 -1.35983E-12
2.00E-03 1.64102E-02 1.64102E-02 -2.67404E-12
3.00E-03 1.08906E-02 1.08906E-02 -1.35983E-12
4.00E-03 7.16434E-03 7.16434E-03 6.05333E-16
5.00E-03 4.67333E-03 4.67333E-03 1.41946E-12
6.00E-03 3.02250E-03 3.02250E-03 2.90814E-12
7.00E-03 4.67333E-03 4.67333E-03 1.41946E-12
8.00E-03 7.16434E-03 7.16434E-03 -6.41653E-15
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As the table demonstrates, the agreement between the reference expression and the code results 
is excellent, with the agreement being better than about 3 parts in 1012. The agreement for Cube 2, 
which tests the second term in the JWL, is actually about an order of magnitude better than that 
exhibited by Cube 1.
	 Cube 3 tests the performance of the third term in the reactant JWL, while Cube 4 tests the 
full reactant JWL expression. The following plot displays the pressures returned by these cubes as 
a function of time for this simulation.

Figure 31. Code pressures for Cubes 3 and 4 for EOS Form 13 as a function of time

	 The following observations may be made from the plot. Both cubes exhibit an increase 
in the pressure as the cubes are compressed and both exhibit a decrease in pressure as the cubes 
are expanded, as expected. In addition, given the choice of input coefficients, the pressure of both 
cubes is not expected to be zero at the beginning of the simulation and this behavior is also ob-
served. Finally, the pressure at the end of the simulation is the same as at the beginning, as expect-
ed. Therefore, at least qualitatively, the code output is behaving as expected.
	 It is interesting to note that the pressure returned by Cube 3 has essentially the same shape 
as a function of time as that returned by Cube 2, although the magnitude of the pressures is dra-
matically different. The same can be said of the pressures returned by Cubes 1 and 4. It is not clear 
if this reveals anything important about the behavior of this equation-of-state.
	 Using the normalized difference defined by equation 1, the agreement between the pres-
sure calculated using the reference expression and the code pressure for Cube 3, which tests the 
third term in the reactant JWL, is given in the following table.

Table 73. Reference and Code Pressures for Cube 3 for the reactant JWL in EOS Form 13
Time Reference Pressure Code Pressure (Reference - Code)/Code

0.00E+00 7.3474880E-03 7.3474880E-03 0.000000000E+00
1.00E-03 7.7775238E-03 7.7775246E-03 -1.093422813E-07
2.00E-03 8.2370097E-03 8.2370105E-03 -9.098005328E-08
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3.00E-03 7.7775238E-03 7.7775246E-03 -1.093422774E-07
4.00E-03 7.3474880E-03 7.3474880E-03 2.715121137E-15
5.00E-03 6.9451599E-03 6.9451587E-03 1.638888395E-07
6.00E-03 6.5685022E-03 6.5685033E-03 -1.671139442E-07
7.00E-03 6.9451599E-03 6.9451587E-03 1.638888410E-07
8.00E-03 7.3474880E-03 7.3474880E-03 -1.298536196E-15

As the table demonstrates, the agreement between the reference expression and the code results 
is not as good as that obtained in the testing of Cubes 1 and 2, with the level of agreement being 
approximately 5 orders of magnitude lower. The agreement for Cube 4, which tests the full JWL 
expression for the reactants, is about the same. This reduction in the agreement is most likely 
due to the evaluation of the temperature, which now appears in the JWL for these two cubes. The 
temperature will be related to the internal energy, which we will see later is not well determined 
for these two cubes.
	 Cubes 5-8 test the JWL equation for the explosive products by setting each of the three 
terms in the reaction rate to such large values that the conversion from reactant to products is 
essentially instantaneous. This is achieved by setting Fq, G1 and G2 to values that ensure this result. 
Cube 5 tests the first term in the product JWL, Cube 6 the second term, Cube 7 the third term 
and Cube 8 the full expression. The following table lists the values of the input coefficients used 
in Cubes 5-8 for the testing of EOS Form 13. Note that the values for the reactant JWL are set for 
each cube to ensure the initial pressure is properly defined.

Table 74. Input coefficients for Cubes 5-8 for the product JWL in EOS Form 13
Cube 5 Cube 6 Cube 7 Cube 8

R1p 8.524 0 0 8.524
R2p 0 0.1802 0 0.1802
R5p 4.6 4.6 4.6 4.6
R6p 1.3 1.3 1.3 1.3
Fr 0.667 0.667 0.667 0.667
R3p 0 0 3.8e-6 3.8e-6
R1e 9522.0 9522.0 9522.0 9522.0
R2e -0.05944 -0.05944 -0.05944 -0.05944
R3e 2.4656e-5 2.4656e-5 2.4656e-5 2.4656e-5
R5e 14.1 14.1 14.1 14.1
R6e 1.41 1.41 1.41 1.41

Fmax,ig 0.3 0.3 0.3 0.3
Fq 7.43e25 7.43e25 7.43e25 7.43e25
G1 3.1e16 3.1e16 3.1e16 3.1e16
m 1.0 1.0 1.0 1.0
a1 0.111 0.111 0.111 0.111
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s1 0.667 0.667 0.667 0.667
cnp 1.0e-5 1.0e-5 1.0e-5 1.0e-5
cne 2.7813e-5 2.7813e-5 2.7813e-5 2.7813e-5
h 20 20 20 20

Ccrit 0 0 0 0
Qr 0.102 0.102 0.102 0.102
T0 298.0 298.0 298.0 298.0
G2 4.0e16 4.0e16 4.0e16 4.0e16
a2 1.0 1.0 1.0 1.0
s2 0.333 0.333 0.333 0.333
n 2 2 2 2

Fmax,gr 0.5 0.5 0.5 0.5
Fmin,gr 0 0 0 0

	 The results from Cubes 5 and 6 are displayed in the following plot, which shows the pres-
sure returned by the code as a function of time for these two cubes.

Figure 32. Code pressures for Cubes 5 and 6 for EOS Form 13 as a function of time

	 The following observations may be made from the plot. Both cubes exhibit an increase 
in the pressure as the cubes are compressed and both exhibit a decrease in pressure as the cubes 
are expanded, as expected. In addition, given the choice of input coefficients, the pressure of 
both cubes is not expected to be zero at the beginning of the simulation and this behavior is also 
observed. Finally, the pressure at the end of the simulation is not the same as at the beginning, 
which is to be expected given that the reactants are being converted to products and this should 
lead to an increase in the pressure. Therefore, at least qualitatively, the code output is behaving as 
expected.
	 Using the normalized difference defined by equation 1, the agreement between the pres-
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sure calculated using the reference expression and the code pressure for Cube 5, which tests the 
first term in the product JWL, is given in the following table.

Table 75. Reference and Code Pressures for Cube 5 for the product JWL in EOS Form 13
Time Reference Pressure Code Pressure (Reference - Code)/Code

0.00E+00 -5.214550E-08 -5.2145502E-08 0.000000000E+00
1.00E-03 9.822547E-02 9.8225474E-02 1.411719891E-12
2.00E-03 1.122833E-01 1.122833E-01 2.760273340E-12
3.00E-03 9.822547E-02 9.822547E-02 1.411719891E-12
4.00E-03 8.568185E-02 8.568185E-02 9.718129207E-16
5.00E-03 7.453407E-02 7.453407E-02 -1.462739051E-12
6.00E-03 6.465621E-02 6.465621E-02 -2.985852389E-12
7.00E-03 7.453407E-02 7.453407E-02 -1.462739051E-12
8.00E-03 8.568185E-02 8.568185E-02 -3.725282863E-15

As the table demonstrates, the agreement between the reference expression and the code results 
is excellent, with the agreement being better than about 3 parts in 1012. The agreement for Cube 
6, which tests the second term in the product JWL, is actually about an order of magnitude better 
than that exhibited by Cube 5.
	 Cube 7 tests the performance of the third term in the product JWL, while Cube 8 tests the 
full product JWL expression. The following plot displays the pressures returned by these cubes as 
a function of time for this simulation.

Figure 33. Code pressures for Cubes 7 and 8 for EOS Form 13 as a function of time

	 The following observations may be made from the plot. Both cubes exhibit an increase 
in the pressure as the cubes are compressed and both exhibit a decrease in pressure as the cubes 
are expanded, as expected. In addition, given the choice of input coefficients, the pressure of both 
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cubes is not expected to be zero at the beginning of the simulation and this behavior is also ob-
served. Finally, the pressure at the end of the simulation is not the same as at the beginning, which 
is to be expected given that the reactants are being converted to products and this should lead to 
an increase in the pressure. Therefore, at least qualitatively, the code output is behaving as expect-
ed.
	 Using the normalized difference defined by equation 1, the agreement between the pres-
sure calculated using the reference expression and the code pressure for Cube 7, which tests the 
third term in the product JWL, is given in the following table.

Table 76. Reference and Code Pressures for Cube 7 for the product JWL in EOS Form 13
Time Reference Pressure Code Pressure (Reference - Code)/Code

0.00E+00 -5.214550E-08 -5.2145502E-08 0.000000000E+00
1.00E-03 1.507082E-02 1.5070818E-02 -1.093989003E-07
2.00E-03 1.571709E-02 1.571709E-02 2.207679042E-08
3.00E-03 1.507082E-02 1.507082E-02 -1.093989070E-07
4.00E-03 1.445661E-02 1.445661E-02 1.000561393E-07
5.00E-03 1.387318E-02 1.387318E-02 -8.709966649E-09
6.00E-03 1.331870E-02 1.331870E-02 -2.863228938E-08
7.00E-03 1.387318E-02 1.387318E-02 -8.709973901E-09
8.00E-03 1.445661E-02 1.445661E-02 1.000561393E-07

As the table demonstrates, the agreement between the reference expression and the code results is 
not as good as that obtained in the testing of Cubes 5 and 6, with the level of agreement being ap-
proximately 5 orders of magnitude lower. The agreement for Cube 8, which tests the full JWL ex-
pression for the products, is actually better by about 2 orders of magnitude, which may be a result 
of the increased pressure for this cube. This reduction in the agreement, compared to the results 
for Cubes 5 and 6, is most likely due to the evaluation of the temperature, which now appears in 
the JWL for Cubes 7 and 8. The temperature will be related to the internal energy, which we will 
see later is not well determined for these two cubes.
	 Now that the behavior of the two individual JWL expressions has been investigated, the 
behavior of the full equation-of-state can be examined. This examination is performed using four 
cubes, one for each of the three growth terms in the reaction rate and the final one for the expres-
sion as a whole. The growth terms were set to achieve a reasonable amount of growth during the 
simulation, as shown in the following table.

Table 77. Input coefficients for Cubes 9-12 for EOS Form 13
Cube 9 Cube 10 Cube 11 Cube 12

R1p 8.524 8.524 8.524 8.524
R2p 0.1802 0.1802 0.1802 0.1802
R5p 4.6 4.6 4.6 4.6
R6p 1.3 1.3 1.3 1.3
Fr 0.667 0.667 0.667 0.667
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R3p 3.8e-6 3.8e-6 3.8e-6 3.8e-6
R1e 9522.0 9522.0 9522.0 9522.0
R2e -0.05944 -0.05944 -0.05944 -0.05944
R3e 2.4656e-5 2.4656e-5 2.4656e-5 2.4656e-5
R5e 14.1 14.1 14.1 14.1
R6e 1.41 1.41 1.41 1.41

Fmax,ig 0.5 0.3 0.3 0.3
Fq 7.43e25 0 0 7.43e24
G1 0 3100 0 3100
m 1.0 1.0 1.0 1.0
a1 0.111 0.111 0.111 0.111
s1 0.667 0.667 0.667 0.667
cnp 1.0e-5 1.0e-5 1.0e-5 1.0e-5
cne 2.7813e-5 2.7813e-5 2.7813e-5 2.7813e-5
h 20 20 20 20

Ccrit 0 0 0 0
Qr 0.102 0.102 0.102 0.102
T0 298.0 298.0 298.0 298.0
G2 0 0 1.0e10 400
a2 1.0 1.0 1.0 1.0
s2 0.333 0.333 0.333 0.333
n 2 2 2 2

Fmax,gr 0.5 0.5 0.5 0.5
Fmin,gr 0 0 0 0

As the table illustrates, the growth terms were modified by changing the values of Fq, G1 and G2 
from cube to cube to achieve a reasonable amount of growth during the simulation. The amount 
of growth achieved for each cube will be demonstrated later.
	 The following plot displays the code pressures for each of these four cubes as a function of 
time for this simulation.



Equation-of-state Test Suite
LLNL-TR-678906

108

Figure 34. Code pressures for Cubes 9-12 for EOS Form 13 as a function of time

	 The following observations may be made from the plot. All of the cubes exhibit an in-
crease in the pressure as the cubes are compressed and all exhibit a decrease in pressure as the 
cubes are expanded, as expected. In addition, Cubes 9, 11 and 12 exhibit a rapid increase in pres-
sure during the simulation at a time when there is a rapid conversion of reactant to product. This 
does not occur in Cube 10 because the growth term in that cube doesn’t saturate as it does in the 
others. Also, given the choice of input coefficients, the pressure of the cubes is not expected to be 
zero at the beginning of the simulation and this behavior is also observed. Finally, the pressure at 
the end of the simulation is not the same as at the beginning, which is to be expected given that 
the reactants are being converted to products and this should lead to an increase in the pressure. 
Therefore, at least qualitatively, the code output is behaving as expected. 
	 Unfortunately, building a predictive spreadsheet model for this equation-of-state model 
does not seem to be possible. Therefore, to investigate the behavior of this EOS model, the equa-
tions governing the evolution of the reacted fraction, F, were entered into a spreadsheet model 
and this predictive model for F will be shown to be consistent with the code output. Solving the 
resulting equations is beyond the capability of a simple spreadsheet model and, therefore, the 
evolution of F was combined with the code value of b, the real volume fraction occupied by the 
reactants, to determine the volume fractions of the reactants and products. Using these volume 
fractions and the relationships for the relative volumes given in Cochran and Chan7, the evolution 
of the pressure can be determined from the respective JWL equations and will be shown to be 
consistent with the code output. Use of the code output to determine the volume fractions means 
this model is not predictive but rather confirmatory.
	 Cube 9 tests the ignition term, given by the expression for F1, in the evolution of the react-
ed fraction, F. The following figure plots the reference result for F as a function of time for Cube 
9, as well as the code result.
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Figure 35. Time evolution of F for Cube 9 in EOS Form 13

As the plot clearly demonstrates, the reference model matches the code result for the evolution 
of F as a function of time, including the saturation of F at a value of 0.5. Using this result for F, 
the code results for b and the temperature, and the expressions for the relative volumes given in 
Cochran and Chan7, the JWL equations for the reactants and products can be used to determine 
the pressure for this equation-of-state model. The figure below compares the reference result to 
that of the code for Cube 9.

Figure 36. Time evolution of the pressure for Cube 9 in EOS Form 13

As the figure clearly demonstrates, the pressure resulting from the reference model for the prod-
ucts is consistent with the code result for the pressure. The level of agreement is typically better 
than a few per cent, which is not as good as the results observed for the other EOS models nor is 
it as good as that observed for the individual terms in this EOS model. 
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	 Prior to the rapid increase in pressure, the reactant JWL in the reference model also agrees 
well with the code result. This is not true after the rapid increase in pressure, when the reactant 
JWL in the reference model predicts a pressure that is 30 - 50% lower than the code result. The 
reason for this discrepancy has not yet been discovered. This discrepancy is also not observed in 
the results for the other cubes, as shall be demonstrated below.
	 Cube 10 tests the growth term, given by the expression for F2, in the evolution of the react-
ed fraction, F. The following figure plots the reference result for F as a function of time for Cube 
10, as well as the code result.

Figure 37. Time evolution of F for Cube 10 in EOS Form 13

As the plot clearly demonstrates, the reference model matches the code result for the evolution of 
F as a function of time. Note that, unlike Cube 9, the parameters chosen for Cube 10 do not result 
in the value of F saturating during the simulation. Using this result for F, the code results for b 
and the temperature, and the expressions for the relative volumes given in Cochran and Chan7, 
the JWL equations for the reactants and products can be used to determine the pressure for this 
equation-of-state model. The figure below compares the reference result to that of the code for 
Cube 10.
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Figure 38. Time evolution of the pressure for Cube 10 in EOS Form 13

As the figure clearly demonstrates, both the reactant and the product pressures resulting from the 
reference model are consistent with the code result for the pressure. The level of agreement is typ-
ically a few tenths of a per cent or better, which is not as good as the results observed for the other 
EOS models. Note that the discrepancy between the reactant pressure and the code pressure does 
not occur in this test, as it did in Cube 9. As we shall observe in the following, the discrepancy 
does not occur in the testing of the completion term nor in the testing of the full expression.
	 Cube 11 tests the completion term, given by the expression for F3, in the evolution of the 
reacted fraction, F. The following figure plots the reference result for F as a function of time for 
Cube 11, as well as the code result.

Figure 39. Time evolution of F for Cube 11 in EOS Form 13

As the plot clearly demonstrates, the reference model matches the code result for the evolution 
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of F as a function of time, including the saturation of F at a value of 1. Using this result for F, the 
code results for b and the temperature, and the expressions for the relative volumes given in Co-
chran and Chan7, the JWL equations for the reactants and products can be used to determine the 
pressure for this equation-of-state model. The figure below compares the reference result to that 
of the code for Cube 11.

Figure 40. Time evolution of the pressure for Cube 11 in EOS Form 13

As the figure clearly demonstrates, both the reactant and the product pressures resulting from 
the reference model are consistent with the code result for the pressure. The level of agreement is 
typically better than 3 parts in 108, which is much better than observed for the other terms in this 
test and is similar to the results observed for the other EOS models. Note that the discrepancy 
between the reactant pressure and the code pressure also does not occur in this test, as it did in 
Cube 9, despite the rapid increase in pressure that follows the saturation of F. Also note that the 
reactant pressure goes to zero as F goes to 1 and there is no product pressure until F is non-zero.
	 Cube 12 tests the full expression for the evolution of the reacted fraction, F. The following 
figure plots the reference result for F as a function of time for Cube 12, as well as the code result.

1.0000E-­‐05	
  

1.0000E-­‐04	
  

1.0000E-­‐03	
  

1.0000E-­‐02	
  

1.0000E-­‐01	
  

1.0000E+00	
  

0.0000E+00	
   1.0000E-­‐03	
   2.0000E-­‐03	
   3.0000E-­‐03	
   4.0000E-­‐03	
   5.0000E-­‐03	
   6.0000E-­‐03	
   7.0000E-­‐03	
   8.0000E-­‐03	
   9.0000E-­‐03	
  

Reactant	
  Pressure	
  

Code	
  Pressure	
  

Product	
  Pressure	
  



113

Equation-of-state Test Suite
LLNL-TR-678906

Figure 41. Time evolution of F for Cube 12 in EOS Form 13

As the plot clearly demonstrates, the reference model matches the code result for the evolution 
of F as a function of time quite well, including the saturation of F at a value of ~ 0.5, although the 
detailed structure near the rapid increase in the value of F is not matched exactly. Using this result 
for F, the code results for b and the temperature, and the expressions for the relative volumes 
given in Cochran and Chan7, the JWL equations for the reactants and products can be used to 
determine the pressure for this equation-of-state model. The figure below compares the reference 
result to that of the code for Cube 12.

Figure 42. Time evolution of the pressure for Cube 12 in EOS Form 13

As the figure clearly demonstrates, both the reactant and the product pressures resulting from 
the reference model are consistent with the code result for the pressure. The level of agreement 
is typically better than 5 parts in 104, which is much better than observed for the first 2 terms in 
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this test but not as good as the agreement observed for the third term. Note that the discrepancy 
between the reactant pressure and the code pressure also does not occur in this test, as it did in 
Cube 9, despite the rapid increase in pressure that follows the saturation of F. 
	 Numerical integrations were performed in EXCEL to examine the behavior of the internal 
energy for this equation-of-state model. Cubes 1 and 2, which investigate the behavior of the first 
two exponential terms in the reactant JWL, exhibit agreement between the EXCEL numerical 
integration and the code results for the internal energy on the order of a few parts in 107 or better. 
Cubes 3 and 4, which now include a contribution to the pressure from the temperature, which 
is related to the internal energy, exhibit agreement between the EXCEL numerical integration 
and the code results that is on the order of a few parts in 105 for Cube 3 and a few parts in 104 for 
Cube 4. This reduction in agreement for Cubes 3 and 4, compared to the results of Cubes 1 and 2, 
is most likely due to the contribution to the pressure due to the temperature, which is not deter-
mined as accurately as it could be. Note also that changes in the temperature in this equation-of-
state model occur only as a result of PdV work and there is no contribution to temperature chang-
es as a result of the chemistry occurring during the burning of the HE.
	 These numerical integrations were repeated for Cube 5 - 8, with similar results, in that 
Cubes 5 and 6 exhibit agreement similar to that observed for Cubes 1 and 2, while Cubes 7 and 
8 exhibit agreement similar to that observed for Cubes 3 and 4.  The numerical integrations were 
not repeated for Cubes 9 - 12, as these cubes are expected to follow the behavior of Cubes 4 and 8.
	 This establishes the implementation of Equation-of-State Form 13 in DYNA3D. The 
equation-of-state is performing as expected, in that the pressure in the cubes increases as they are 
compressed and decreases as they are expanded. The behavior of each of the terms in the equa-
tion-of-state has been examined and found to be performing as expected and with acceptable 
accuracy. The behavior of the equation-of-state as a whole has been examined and is performing 
as expected and with acceptable accuracy.
	 Author’s Note: An important issue was revealed in the testing of Equation-of-State Form 13. 
The testing of this equation-of-state revealed a bug in the code for this EOS model. It has been known 
for some time that calculations performed in DYNA3D/ParaDyn using Equation-of-State Form 13 
did not return results consistent with the same calculations performed in LS-DYNA and ALE3D. The 
cause for this discrepancy was not discovered until the creation of this test suite. This testing revealed 
that the initial pressure was not being passed correctly to the relevant subroutines. As of code version 
14.2.0 revision 1.3339, this issue has been corrected.
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Equation-of-State Form 14

	 Equation-of-State Form 14 is a modified version of Equation-of-State Form 8 for use only 
with material model 65. The input entries and formatting used for Equation-of-State Form 14 are 
similar to those used for Equation-of-State Form 8. There are differences, however, and the user is 
encouraged to read the manual to ensure those differences are understood and accounted for in 
the input file.
	 Therefore, Equation-of-State Form 14 is a tabulated equation-of-state that is linear in the 
internal energy. The form of the equation for the pressure, p, is

p C T E K,ε ε ε γ ε ε ε ε( ) ( ) ( ) ( ) ( )= + + × −ν νν ν ν ν ν

    

where E is the internal energy and en is the volumetric strain, defined by en = ln(V), where V is the 
relative volume. C(en), T(en) and K(en) represent function evaluations from the tabulated data and 
the input C(en) therefore have the units of pressure. The minimum volumetric strain, ε!

ν
 , is given 

by the following expression: 

t tmin ( ) ,0ε ε τ τ( ) =   ≤ ≤νν



Note that the pressure is positive in compression and the volumetric strain is positive in tension. 
Also, the code expects the material to become stiffer with increasing compression and will issue a 
warning if the unloading bulk moduli do not fulfill this requirement.
	 It is important to note that in this equation-of-state model unloading occurs along a line 
using the interpolated value of the unloading bulk modulus that corresponds to the most com-
pressive volumetric strain experienced by the system. To put this bluntly, the system unloads at 
the point at which the compression is relieved and unloads along a path that is probably different 
than the loading line and may not be linear if the contribution from the second term in the equa-
tion is important because the internal energy continues to evolve along the unloading/reloading 
path.
	 As there are really only two terms in EOS Form 14, this equation-of-state model will be 
tested with 3 cubes, one for each term (2 cubes) and one for the full equation-of-state model. 
However, due to the unloading/reloading behavior introduced by the bulk unloading moduli, the 
cubes do not use the same drive that has been used in all the previous tests. Instead, the cubes are 
compressed by moving all 8 nodes in 0.004 cm, releasing the nodes back to 0.001 cm, moving the 
nodes in 0.007 cm, releasing back to 0.001 cm, moving in to 0.01 cm, releasing back to 0.005 cm 
and then compressing back to 0.01 cm. This series of compressions and releases tests the unload-
ing/reloading behavior introduced into this equation-of-state model.
	 Prior to discussing the calculations using EOS Form 14, a few code issues need to be 
addressed and these are not necessarily readily apparent to the user.  First, in order for the term 
dependent on the internal energy to perform as expected, it is required to have an initial energy 
present in the simulation, so the initial internal energy was set to a value of 1.0e-3 in all of the 
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cubes. In addition, in order to eliminate issues with the work performed by the bulk viscosity, the 
two input coefficients for the bulk viscosity on the material card were set to 1.0e-20 in each of the 
3 cubes. Failing to do so results in the work performed on the cube being dominated by contribu-
tions from the bulk viscosity. Also, in order to correctly calculate the sound speed, it is necessary 
to use non-zero values for the C(en) coefficients, so these were set to very small values for the test-
ing of the second term using Cube 2. Finally, the code version used for this test was version 15.2.0 
revision 1.3377.
	 The input coefficients for Equation-of-State Form 14 chosen were the same as those used 
for the testing of EOS Forms 8, 9 and 12 and are such that the contribution to the pressure from 
the two terms was of the same order of magnitude as a function of time during the compression 
and expansion of the cubes. The input coefficients were also chosen to be linear in the volumetric 
strain and are in fact just scaled by multiples of 10 from each other. The additional unloading bulk 
moduli were chosen to be linear in the relative volume. The following table lists the (truncated) 
values of the input coefficients for each of the cubes in the testing of EOS Form 14.

Table 78. Suite of test input coefficients for EOS Form 14
Cube

1 en -6.19e-2 -4.08e-2 -2.02e-2 0.00 1.98e-2 3.92e-2 5.83e-2 7.70e-2
1 C(en) 6.19e-4 4.08e-4 2.02e-4 0.00 -1.98e-4 -3.92e-4 -5.83e-4 -7.70e-4
1 T(en) 61.9 40.8 20.2 0.00 -19.8 -39.2 -58.3 -77.0
1 g 0.0
1 K(en) 0.018 0.016 0.014 0.012 0.010 0.008 0.006 0.004
2 en -6.19e-2 -4.08e-2 -2.02e-2 0.00 1.98e-2 3.92e-2 5.83e-2 7.70e-2
2 C(en) 6.19e-10 4.08e-10 2.02e-10 0.00 -1.98e-10 -3.92e-10 -5.83e-10 -7.70e-10
2 T(en) 61.9 40.8 20.2 0.00 -19.8 -39.2 -58.3 -77.0
2 g 0.01
2 K(en) 0.018 0.016 0.014 0.012 0.010 0.008 0.006 0.004
3 en -6.19e-2 -4.08e-2 -2.02e-2 0.00 1.98e-2 3.92e-2 5.83e-2 7.70e-2
3 C(en) 6.19e-4 4.08e-4 2.02e-4 0.00 -1.98e-4 -3.92e-4 -5.83e-4 -7.70e-4
3 T(en) 61.9 40.8 20.2 0.00 -19.8 -39.2 -58.3 -77.0
3 g 0.01
3 K(en) 0.018 0.016 0.014 0.012 0.010 0.008 0.006 0.004

	 The two terms in the equation-of-state were tested (almost) independently, given the re-
quirement on the C(en) coefficients, then the full equation-of-state model was tested. The follow-
ing plot displays the pressures from the first two terms, as returned by the code, as a function of 
time for this simulation.
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Figure 43. Code pressures for the two terms of EOS Form 14 as a function of time

As the plot demonstrates, not only are both terms contributing pressures on the order of 6x10-4 at 
the peak of the compression, but the contributions of the two terms are nearly identical.
	 The following observations may be made from the plot. Both terms contribute an increase 
in the pressure as the cubes are compressed and both exhibit a decrease in pressure as the cubes 
are expanded, as expected. In addition, given the choice of input coefficients, the pressure of both 
cubes should be zero at the beginning of the simulation and this behavior is also observed. Final-
ly, although not obvious from the plot, the slope of the unloading/reloading lines differ from the 
slope of the monotonic path, which is expected given the choice of input coefficients. Therefore, at 
least qualitatively, the code output is behaving as expected.
	 Using the normalized difference defined by equation 1, the agreement between the pres-
sures for the second term as calculated using the reference expression and the results returned by 
the code is demonstrated in the following table as a function of time, using the expected value for 
the bulk unloading modulus.

Table 79. Reference and Code Pressures for the second term of EOS Form 14
Time Reference Pressure Code Pressure (Reference - Code)/Code

0.00E+00 0.00000000E+00 0.00000000E+00 0.0000000000E+00
1.00E-03 1.20327020E-04 1.20326954E-04 5.5165968782E-07
2.00E-03 2.41654811E-04 2.41654556E-04 1.0560400266E-06
3.00E-03 1.54479117E-04 1.54498319E-04 -1.2428370418E-04
4.00E-03 6.76014836E-05 6.76397286E-05 -5.6542275342E-04
5.00E-03 -1.89782171E-05 -1.89209665E-05 3.0257775732E-03
6.00E-03 6.76014835E-05 6.76396618E-05 -5.6443717434E-04
7.00E-03 1.54479117E-04 1.54498165E-04 -1.2329029940E-04
8.00E-03 2.41654812E-04 2.41654683E-04 5.3282005664E-07
9.00E-03 3.02856625E-04 3.02856435E-04 6.2538061006E-07
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1.00E-02 3.64504043E-04 3.64503763E-04 7.6994413882E-07
1.10E-02 4.26662669E-04 4.26662290E-04 8.8843537431E-07
1.20E-02 3.27605963E-04 3.27614589E-04 -2.6330795028E-05
1.30E-02 2.28989226E-04 2.29006114E-04 -7.3744224565E-05
1.40E-02 1.30812541E-04 1.30837676E-04 -1.9211113496E-04
1.50E-02 3.30759851E-05 3.31093528E-05 -1.0078029773E-03
1.60E-02 -6.42203653E-05 -6.41787843E-05 6.4789400277E-04
1.70E-02 -1.61076437E-04 -1.61026658E-04 3.0913682005E-04
1.80E-02 -6.42203656E-05 -6.41786784E-05 6.4954971630E-04
1.90E-02 3.30759839E-05 3.31092989E-05 -1.0062148624E-03
2.00E-02 1.30812538E-04 1.30837465E-04 -1.9051407712E-04
2.10E-02 2.28989221E-04 2.29005744E-04 -7.2151479789E-05
2.20E-02 3.27605955E-04 3.27614051E-04 -2.4712328104E-05
2.30E-02 4.26662658E-04 4.26662288E-04 8.6785207037E-07
2.40E-02 4.89398502E-04 4.89398028E-04 9.7014850562E-07
2.50E-02 5.52778113E-04 5.52777717E-04 7.1650450567E-07
2.60E-02 6.16868668E-04 6.16867951E-04 1.1614321973E-06
2.70E-02 5.05542241E-04 5.05550085E-04 -1.5515119336E-05
2.80E-02 3.94820409E-04 3.94835353E-04 -3.7848220107E-05
2.90E-02 2.84703298E-04 2.84725339E-04 -7.7413835044E-05
3.00E-02 1.75191019E-04 1.75220144E-04 -1.6622256211E-04
3.10E-02 6.62836756E-05 6.63198740E-05 -5.4581536632E-04
3.20E-02 1.75191018E-04 1.75219759E-04 -1.6402970454E-04
3.30E-02 2.84703295E-04 2.84724714E-04 -7.5227342289E-05
3.40E-02 3.94820403E-04 3.94834477E-04 -3.5645092012E-05
3.50E-02 5.05542230E-04 5.05548936E-04 -1.3264057397E-05
3.60E-02 6.16868651E-04 6.16867944E-04 1.1464656172E-06

As the table demonstrates, the agreement between the reference expression and the code results 
is very good along the monotonic portion of the loading line, where the agreement is better than 
about 4 parts in 106. However, the agreement along the unloading/reloading lines is dramatically 
poorer, with the agreement being as poor as 3 parts in 103.  This appears to be due to the code 
using a slightly different value for the bulk unloading modulus than was used in the theoretical 
model, since if the differences along the unloading/reloading lines are minimized in the theoreti-
cal model, the agreement improves dramatically, as demonstrated in the following table. 

Table 80. Reference and Code Pressures for the second term of EOS Form 14 using min K(en)
Time Reference Pressure Code Pressure (Reference - Code)/Code

0.00E+00 0.00000000E+00 0.00000000E+00 0.0000000000E+00
1.00E-03 1.20327020E-04 1.20326954E-04 5.5165968782E-07
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2.00E-03 2.41654811E-04 2.41654556E-04 1.0560400266E-06
3.00E-03 1.54498236E-04 1.54498319E-04 -5.3259226588E-07
4.00E-03 6.76396838E-05 6.76397286E-05 -6.6225897512E-07
5.00E-03 -1.89209742E-05 -1.89209665E-05 4.1003789415E-07
6.00E-03 6.76396837E-05 6.76396618E-05 3.2387777982E-07
7.00E-03 1.54498236E-04 1.54498165E-04 4.6093554112E-07
8.00E-03 2.41654812E-04 2.41654683E-04 5.3282005664E-07
9.00E-03 3.02856625E-04 3.02856435E-04 6.2538061006E-07
1.00E-02 3.64504043E-04 3.64503763E-04 7.6994413882E-07
1.10E-02 4.26662669E-04 4.26662290E-04 8.8843537431E-07
1.20E-02 3.27614331E-04 3.27614589E-04 -7.8906619122E-07
1.30E-02 2.29005945E-04 2.29006114E-04 -7.3847005042E-07
1.40E-02 1.30837594E-04 1.30837676E-04 -6.3087877631E-07
1.50E-02 3.31093552E-05 3.31093528E-05 7.2771298871E-08
1.60E-02 -6.41786946E-05 -6.41787843E-05 -1.3965384447E-06
1.70E-02 -1.61026483E-04 -1.61026658E-04 -1.0887717492E-06
1.80E-02 -6.41786949E-05 -6.41786784E-05 2.5810384921E-07
1.90E-02 3.31093540E-05 3.31092989E-05 1.6625258393E-06
2.00E-02 1.30837591E-04 1.30837465E-04 9.6648897357E-07
2.10E-02 2.29005940E-04 2.29005744E-04 8.5439257739E-07
2.20E-02 3.27614323E-04 3.27614051E-04 8.2944266861E-07
2.30E-02 4.26662658E-04 4.26662288E-04 8.6785207037E-07
2.40E-02 4.89398502E-04 4.89398028E-04 9.7014850562E-07
2.50E-02 5.52778113E-04 5.52777717E-04 7.1650450567E-07
2.60E-02 6.16868668E-04 6.16867951E-04 1.1614321973E-06
2.70E-02 5.05549505E-04 5.05550085E-04 -1.1479558295E-06
2.80E-02 3.94834921E-04 3.94835353E-04 -1.0940048008E-06
2.90E-02 2.84725043E-04 2.84725339E-04 -1.0395697991E-06
3.00E-02 1.75219984E-04 1.75220144E-04 -9.1705197809E-07
3.10E-02 6.63198451E-05 6.63198740E-05 -4.3702060803E-07
3.20E-02 1.75219983E-04 1.75219759E-04 1.2761687856E-06
3.30E-02 2.84725040E-04 2.84724714E-04 1.1470906983E-06
3.40E-02 3.94834915E-04 3.94834477E-04 1.1092048480E-06
3.50E-02 5.05549494E-04 5.05548936E-04 1.1031387636E-06
3.60E-02 6.16868651E-04 6.16867944E-04 1.1464656172E-06

As this table demonstrates, the agreement along the unloading/reloading portions of the curves 
has, in general, improved by about two orders of magnitude. This improvement, similar to that 
observed in the testing of EOS Form 8, is achieved in the same manner by changing the value 
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used for the bulk unloading modulus along the unloading/reloading curves by the amounts given 
in the following table.

Table 81. Expected and minimizing values of K(en) for the second term of EOS Form 14
Expected K(en) Minimizing K(en) (Min - Expected)/Expected

0.014381 0.014377687 -2.20032E-04
0.016141 0.016140098 -8.52778E-05
0.017881 0.017879612 -6.64150E-05

As the table demonstrates, a small change in the value of the bulk unloading modulus (less than 
3 parts in 104) results in a considerable improvement in the agreement between the reference 
pressures and the code results. This implies that even though the input to the code was chosen 
such that the unloading points corresponded to input values of K(en), the interpolation routine 
returned values for the bulk unloading modulus that differed slightly from the input values. A 
difference this small in the returned value from an interpolation routine is not surprising. It is 
worth noting that as in the testing of EOS Forms 8, 9 and 12, the agreement between the reference 
expression and the code results for the first term is significantly better than that exhibited by the 
second term (approximately 5 orders of magnitude better), which is most likely due to the numer-
ical integration of the internal energy, as will be demonstrated below. Note that since the pressure 
due to the first term is not dependent on the internal energy, it is unaffected by the code’s deter-
mination of the internal energy. 
	 Now that the behavior of the pressure resulting from each of the individual terms in the 
expression for Equation-of-State Form 14 has been investigated, the behavior of the full expres-
sion can be examined. The following plot displays the pressure returned by the code as a function 
of time for EOS Form 14.

Figure 44. Code pressures for EOS Form 14 as a function of time

Note that the pressure is behaving as one would expect, in that the pressure increases as the cube 
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is compressed and decreases as the compression is released. In addition, the initial pressure is 
zero, as expected from the choice of input coefficients.
	 The following table compares the pressure returned by the code as a function of time for 
the full expression for Equation-of-State Form 14 to that predicted by the reference expression.

Table 82. Reference and Code Pressures for Equation-of-State Form 14
Time Reference Pressure Code Pressure (Reference - Code)/Code

0.00E+00 0.00000000E+00 0.000000000E+00 0.0000000000E+00
1.00E-03 2.40653800E-04 2.406536672E-04 5.5209347528E-07
2.00E-03 4.83309140E-04 4.833086291E-04 1.0564150708E-06
3.00E-03 3.95789183E-04 3.958085045E-04 -4.8816338765E-05
4.00E-03 3.08566392E-04 3.086047569E-04 -1.2431614003E-04
5.00E-03 2.21640643E-04 2.216980123E-04 -2.5877448399E-04
6.00E-03 3.08566392E-04 3.086044520E-04 -1.2332808477E-04
7.00E-03 3.95789183E-04 3.958081106E-04 -4.7821068434E-05
8.00E-03 4.83309140E-04 4.833088822E-04 5.3294141551E-07
9.00E-03 6.05712643E-04 6.057122641E-04 6.2536941474E-07
1.00E-02 7.29007356E-04 7.290067950E-04 7.6989159052E-07
1.10E-02 8.53324483E-04 8.533237251E-04 8.8834936468E-07
1.20E-02 7.53214264E-04 7.532232344E-04 -1.1910019423E-05
1.30E-02 6.53542357E-04 6.535595840E-04 -2.6359147517E-05
1.40E-02 5.54308861E-04 5.543343329E-04 -4.5951133343E-05
1.50E-02 4.55513870E-04 4.555475808E-04 -7.3999635316E-05
1.60E-02 3.57157479E-04 3.571994059E-04 -1.1737760775E-04
1.70E-02 2.59239775E-04 2.592898969E-04 -1.9330249369E-04
1.80E-02 3.57157479E-04 3.571988179E-04 -1.1573167302E-04
1.90E-02 4.55513870E-04 4.555468292E-04 -7.2349997803E-05
2.00E-02 5.54308861E-04 5.543334298E-04 -4.4322006089E-05
2.10E-02 6.53542357E-04 6.535585230E-04 -2.4735674298E-05
2.20E-02 7.53214264E-04 7.532219911E-04 -1.0259405226E-05
2.30E-02 8.53324483E-04 8.533237132E-04 9.0220283562E-07
2.40E-02 9.78796059E-04 9.787950667E-04 1.0139321501E-06
2.50E-02 1.10555517E-03 1.105554318E-03 7.7154801360E-07
2.60E-02 1.23373617E-03 1.233734657E-03 1.2295921558E-06
2.70E-02 1.12025471E-03 1.120263196E-03 -7.5720586183E-06
2.80E-02 1.00737662E-03 1.007392196E-03 -1.5457695727E-05
2.90E-02 8.95102082E-04 8.951247552E-04 -2.5329711888E-05
3.00E-02 7.83431247E-04 7.834610059E-04 -3.7984137083E-05
3.10E-02 6.72364269E-04 6.724011179E-04 -5.4801549461E-05
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3.20E-02 7.83431247E-04 7.834592830E-04 -3.5785165315E-05
3.30E-02 8.95102082E-04 8.951227856E-04 -2.3129343949E-05
3.40E-02 1.00737662E-03 1.007389955E-03 -1.3232919400E-05
3.50E-02 1.12025471E-03 1.120260641E-03 -5.2918074369E-06
3.60E-02 1.23373617E-03 1.233734630E-03 1.2512061875E-06

As might have been expected, given the analysis of the second term for this EOS model, the agree-
ment between the reference expression and the code results is very good along the monotonic 
portion of the loading line, where the agreement is better than about 1 part in 106, similar to that 
observed in the testing of EOS Forms 8 and 12. However, the agreement along the unloading/
reloading lines is dramatically poorer, with the agreement being as poor as ~ 3 parts in 104.  This 
appears to be due to the code using a slightly different value for the bulk unloading modulus than 
was used in the theoretical model, since if the differences along the unloading/reloading lines are 
minimized in the theoretical model, the agreement improves dramatically, as demonstrated in the 
following table.

Table 83. Reference and Code Pressures for EOS Form 14 using min K(en)
Time Reference Pressure Code Pressure (Reference - Code)/Code

0.00E+00 0.00000000E+00 0.000000000E+00 0.0000000000E+00
1.00E-03 2.40653800E-04 2.406536672E-04 5.5209347528E-07
2.00E-03 4.83309140E-04 4.833086291E-04 1.0564150708E-06
3.00E-03 3.95808323E-04 3.958085045E-04 -4.5749905451E-07
4.00E-03 3.08604636E-04 3.086047569E-04 -3.9320912751E-07
5.00E-03 2.21697950E-04 2.216980123E-04 -2.8207981268E-07
6.00E-03 3.08604636E-04 3.086044520E-04 5.9496859112E-07
7.00E-03 3.95808323E-04 3.958081106E-04 5.3781939729E-07
8.00E-03 4.83309140E-04 4.833088822E-04 5.3294141551E-07
9.00E-03 6.05712643E-04 6.057122641E-04 6.2536941474E-07
1.00E-02 7.29007356E-04 7.290067950E-04 7.6989159052E-07
1.10E-02 8.53324483E-04 8.533237251E-04 8.8834936468E-07
1.20E-02 7.53222632E-04 7.532232344E-04 -7.9996136959E-07
1.30E-02 6.53559077E-04 6.535595840E-04 -7.7649941301E-07
1.40E-02 5.54333915E-04 5.543343329E-04 -7.5393051325E-07
1.50E-02 4.55547243E-04 4.555475808E-04 -7.4241160101E-07
1.60E-02 3.57199152E-04 3.571994059E-04 -7.1105984453E-07
1.70E-02 2.59289733E-04 2.592898969E-04 -6.3150777233E-07
1.80E-02 3.57199152E-04 3.571988179E-04 9.3506693948E-07
1.90E-02 4.55547243E-04 4.555468292E-04 9.0734676846E-07
2.00E-02 5.54333915E-04 5.543334298E-04 8.7527037654E-07
2.10E-02 6.53559077E-04 6.535585230E-04 8.4701533935E-07
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2.20E-02 7.53222632E-04 7.532219911E-04 8.5067116675E-07
2.30E-02 8.53324483E-04 8.533237132E-04 9.0220283562E-07
2.40E-02 9.78796059E-04 9.787950667E-04 1.0139321501E-06
2.50E-02 1.10555517E-03 1.105554318E-03 7.7154801360E-07
2.60E-02 1.23373617E-03 1.233734657E-03 1.2295921558E-06
2.70E-02 1.12026199E-03 1.120263196E-03 -1.0739929887E-06
2.80E-02 1.00739117E-03 1.007392196E-03 -1.0201442930E-06
2.90E-02 8.95123876E-04 8.951247552E-04 -9.8197860162E-07
3.00E-02 7.83460276E-04 7.834610059E-04 -9.3117621751E-07
3.10E-02 6.72400519E-04 6.724011179E-04 -8.8996502285E-07
3.20E-02 7.83460276E-04 7.834592830E-04 1.2678770315E-06
3.30E-02 8.95123876E-04 8.951227856E-04 1.2184429130E-06
3.40E-02 1.00739117E-03 1.007389955E-03 1.2046641551E-06
3.50E-02 1.12026199E-03 1.120260641E-03 1.2062730100E-06
3.60E-02 1.23373617E-03 1.233734630E-03 1.2512061875E-06

As this table demonstrates, the agreement along the unloading/reloading portions of the curves 
has improved dramatically, with the agreement now being better by orders of magnitude, just as 
observed in the testing of EOS Forms 8 and 12. This improvement is achieved by changing the 
value used for the bulk unloading modulus along the unloading/reloading curves by the amounts 
given in the following table.

Table 84. Expected and minimizing values of K(en) for EOS Form 14
Expected K(en) Minimizing K(en) (Min - Expected)/Expected

0.014381 0.014377683 -2.202795863E-04
0.016141 0.016140098 -8.528302342E-05
0.017881 0.01787961 -6.656329659E-05

As the table demonstrates, the results of this testing are similar to those obtained from the testing 
of EOS Forms 8 and 12. The changes in the value of the bulk unloading modulus are very small 
(less than 2 parts in 104) and result in a dramatic improvement in the agreement between the 
reference pressures and the code results, as was observed in the previous testing of EOS Forms 8 
and 12. This implies that even though the input to the code was chosen such that the unloading 
points corresponded to input values of K(en), the interpolation routine returned values for the 
bulk unloading modulus that differed slightly from the input values. A difference this small in 
the returned value from an interpolation routine is not surprising. It is also worth noting that the 
values used for the full expression of EOS Form 14 are essentially identical to those used for the 
analysis of the second term of this equation-of-state model. This is not a surprise, as the non-lin-
ear behavior along the unloading/reloading curve is due to the evolution of the internal energy 
and this term is the same in both cubes.
	 The code results for the internal energy can also be examined for this equation-of-state 
model. As the pressure for the first term is independent of the internal energy, we shall concen-
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trate on the behavior of the second term and the full expression for this EOS model. Given the 
form for the pressure along the unloading/reloading lines, there is no simple closed form solution 
for the internal energy along these lines and so the code results will be compared to those ob-
tained from a simple numerical integration performed in EXCEL (Reference Energy). The follow-
ing table makes this comparison for the second term in EOS Form 14 using the minimized value 
for K(en).

Table 85. Reference and Code Internal Energies for the second term of EOS Form 14
Time Code (GRIZ) Reference Energy (Reference - GRIZ)/GRIZ

0.00E+00 1.00000000E-03 1.00000000E-03 0.000000E+00
1.00E-03 1.00071700E-03 1.00071738E-03 3.792183E-07
2.00E-03 1.00286100E-03 1.00286108E-03 7.576553E-08
3.00E-03 1.00168900E-03 1.00168952E-03 5.180532E-07
4.00E-03 1.00103000E-03 1.00103007E-03 7.287402E-08
5.00E-03 1.00088500E-03 1.00088511E-03 1.131035E-07
6.00E-03 1.00103000E-03 1.00103007E-03 7.250348E-08
7.00E-03 1.00168900E-03 1.00168952E-03 5.176827E-07
8.00E-03 1.00286100E-03 1.00286108E-03 7.744130E-08
9.00E-03 1.00446500E-03 1.00446502E-03 1.693502E-08
1.00E-02 1.00642300E-03 1.00642294E-03 -5.954258E-08
1.10E-02 1.00873500E-03 1.00873474E-03 -2.546050E-07
1.20E-02 1.00653100E-03 1.00653077E-03 -2.253202E-07
1.30E-02 1.00489800E-03 1.00489786E-03 -1.408413E-07
1.40E-02 1.00383800E-03 1.00383808E-03 8.419717E-08
1.50E-02 1.00335400E-03 1.00335352E-03 -4.791312E-07
1.60E-02 1.00344600E-03 1.00344621E-03 2.120758E-07
1.70E-02 1.00411800E-03 1.00411820E-03 1.965543E-07
1.80E-02 1.00344600E-03 1.00344621E-03 2.113500E-07
1.90E-02 1.00335400E-03 1.00335352E-03 -4.820295E-07
2.00E-02 1.00383800E-03 1.00383808E-03 7.769001E-08
2.10E-02 1.00489800E-03 1.00489785E-03 -1.523779E-07
2.20E-02 1.00653100E-03 1.00653076E-03 -2.432864E-07
2.30E-02 1.00873500E-03 1.00873472E-03 -2.803757E-07
2.40E-02 1.01140100E-03 1.01140064E-03 -3.511651E-07
2.50E-02 1.01442100E-03 1.01442131E-03 3.092989E-07
2.60E-02 1.01779800E-03 1.01779768E-03 -3.099844E-07
2.70E-02 1.01455800E-03 1.01455769E-03 -3.020986E-07
2.80E-02 1.01194800E-03 1.01194812E-03 1.226869E-07
2.90E-02 1.00997100E-03 1.00997067E-03 -3.235538E-07
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3.00E-02 1.00862700E-03 1.00862701E-03 9.759291E-09
3.10E-02 1.00791900E-03 1.00791878E-03 -2.228285E-07
3.20E-02 1.00862700E-03 1.00862701E-03 8.632773E-09
3.30E-02 1.00997100E-03 1.00997067E-03 -3.280495E-07
3.40E-02 1.01194800E-03 1.01194811E-03 1.126015E-07
3.50E-02 1.01455800E-03 1.01455768E-03 -3.199634E-07
3.60E-02 1.01779800E-03 1.01779766E-03 -3.377797E-07

As the table demonstrates, the level of agreement between the EXCEL numerical integration and 
the code results for the internal energy is better than ~ 5 parts in 107, which is about as good as 
can be expected, given the limitations on the GRIZ output. This establishes that the internal ener-
gies being returned by the code are reasonable for the second term in EOS Form 14.
	 There is also no simple closed form solution for the internal energy due to the full expres-
sion for Equation-of-State Form 14. A numerical integration was performed in EXCEL (Reference 
Energy) to compare against the code results. The following table gives the result of that compari-
son using the minimized value for K(en).

Table 86. Reference and Code Internal Energies for EOS Form 14
Time Code (GRIZ) Reference Energy (Reference - GRIZ)/GRIZ

0.00E+00 1.00000000E-03 1.00000000E-03 0.000000E+00
1.00E-03 1.00143500E-03 1.00143476E-03 -2.421068E-07
2.00E-03 1.00572200E-03 1.00572215E-03 1.454104E-07
3.00E-03 1.00312200E-03 1.00312191E-03 -9.254975E-08
4.00E-03 1.00103000E-03 1.00103007E-03 6.820907E-08
5.00E-03 9.99449100E-04 9.99449012E-04 -8.786879E-08
6.00E-03 1.00103000E-03 1.00103007E-03 6.820937E-08
7.00E-03 1.00312200E-03 1.00312191E-03 -9.217973E-08
8.00E-03 1.00572200E-03 1.00572215E-03 1.457803E-07
9.00E-03 1.00893000E-03 1.00893002E-03 2.190173E-08
1.00E-02 1.01284600E-03 1.01284586E-03 -1.339746E-07
1.10E-02 1.01746900E-03 1.01746947E-03 4.578674E-07
1.20E-02 1.01277500E-03 1.01277473E-03 -2.661050E-07
1.30E-02 1.00864700E-03 1.00864713E-03 1.316312E-07
1.40E-02 1.00508900E-03 1.00508880E-03 -2.013634E-07
1.50E-02 1.00210200E-03 1.00210183E-03 -1.671981E-07
1.60E-02 9.99688300E-04 9.99688327E-04 2.710428E-08
1.70E-02 9.97850300E-04 9.97850354E-04 5.373789E-08
1.80E-02 9.99688300E-04 9.99688327E-04 2.710514E-08
1.90E-02 1.00210200E-03 1.00210183E-03 -1.671964E-07
2.00E-02 1.00508900E-03 1.00508880E-03 -2.013609E-07
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2.10E-02 1.00864700E-03 1.00864713E-03 1.316345E-07
2.20E-02 1.01277500E-03 1.01277473E-03 -2.661008E-07
2.30E-02 1.01746900E-03 1.01746947E-03 4.578724E-07
2.40E-02 1.02280100E-03 1.02280134E-03 3.278069E-07
2.50E-02 1.02884300E-03 1.02884269E-03 -3.011130E-07
2.60E-02 1.03559500E-03 1.03559545E-03 4.364424E-07
2.70E-02 1.02880000E-03 1.02879978E-03 -2.186758E-07
2.80E-02 1.02263200E-03 1.02263250E-03 4.922528E-07
2.90E-02 1.01709500E-03 1.01709541E-03 4.061334E-07
3.00E-02 1.01219000E-03 1.01219025E-03 2.495096E-07
3.10E-02 1.00791900E-03 1.00791874E-03 -2.553281E-07
3.20E-02 1.01219000E-03 1.01219025E-03 2.495113E-07
3.30E-02 1.01709500E-03 1.01709541E-03 4.061369E-07
3.40E-02 1.02263200E-03 1.02263250E-03 4.922579E-07
3.50E-02 1.02880000E-03 1.02879978E-03 -2.186691E-07
3.60E-02 1.03559500E-03 1.03559545E-03 4.364507E-07

As the table demonstrates, the results of this testing are similar to those obtained from EOS Form 
12. The level of agreement between the EXCEL numerical integration and the code results for the 
internal energy is better than ~ 5 parts in 107, so the level of agreement is similar to that exhibited 
by the second term of this EOS model, as expected.  
	 This establishes the implementation of Equation-of-State Form 14 in DYNA3D. The 
equation-of-state is performing as expected, in that the pressure in the cubes increases as they are 
compressed and decreases as they are expanded. The behavior of each of the terms in the equa-
tion-of-state has been examined and found to be performing as expected and with good accuracy. 
The behavior of the equation-of-state as a whole has been examined and is performing as expect-
ed and with good accuracy. 
	 It is interesting to note that the results achieved in this testing are essentially the same as 
those obtained in the testing of EOS Forms 8 and 12, which is essentially the same equation-of-
state. In fact, to 15 significant figures, the output obtained from EOS Forms 12 and 14 are identi-
cal, while the output obtained from EOS Form 8 differs in the last 3 or 4 digits. The simulations 
for EOS Forms 12 and 14 require exactly the same number of cycles, while that for EOS Form 8 
requires about 2/3 as many cycles. It is believed that if the input to EOS Form 8 was modified to 
increase the number of cycles to a similar number, the results would be identical to those ob-
tained from EOS Forms 12 and 14. Therefore, the change in the material model has had little, if 
any, impact on the EOS results.
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Equation-of-State Form 15

	 Equation-of-State Form 15 is a modified form of Equation-of-State Form 1 intended for 
use only with Material Type 64, a Steinberg-Guinan model that incorporates a 3D crack model. 
As such, EOS Form 15 is a polynomial that is a function of the excess compression and is linear in 
the internal energy. The expression for EOS Form 15 is as follows: 

p = C0+C1 μ+C2 μ 2+C3 μ
3+(C4+C5 μ+C6 μ 2)E, 

where p is the pressure, µ is the excess compression (related to the density by μ = r/r0 - 1), and E 
is the specific internal energy (energy per unit initial volume). The tension-limited excess com-
pression, μ, is given by: 

μ =max(μ,0).

As was the case with EOS Form 1, Equation-of-State Form 15 was tested using 10 cubes, one for 
each of the coefficients (7 cubes), one for the sum of the first four terms, one for the sum of the 
last three terms (As before, these two cubes are included because these are the quantities actually 
calculated by DYNA3D) and one for the full equation-of-state model. This testing used a drive 
similar to that used in the testing of EOS Form 1, so the 10 cubes were compressed hydrostatically 
to approximately 94% of the original volume, driven back to the original volume, hydrostatically 
expanded out to ~ 103% of the original volume (a change from EOS Form 1) and then released 
back to the original state.
	 Inclusion of a 3D crack (failure) model in the Steinberg-Guinan material model compli-
cated testing of this equation-of-state model. Initial attempts to run a simulation using this com-
bination were unsuccessful in completing a simulation in which the material did not fail. As the 
intent of this testing is to test the implementation of the EOS model and not the material model, 
it was necessary to iterate on the input to the simulation until the material model did not trigger 
a failure. This proved to be more difficult than anticipated. The end result was that the amount of 
tension the cubes were placed under was reduced, as was the strain rate, to prevent activation of 
the failure model.
	 Prior to discussing the calculations using EOS Form 15, a few code issues need to be ad-
dressed and these are not necessarily readily apparent to the user.  First, because the sound speed 
looks like dp/dr and µ is proportional to r, in order to avoid divide by zero issues in calculations 
using the sound speed, it is necessary that the C1 coefficient not be zero, so an input value of 1.0e-
20 was used for this coefficient when testing the other terms in the polynomial. Also, in order 
for the terms dependent on the internal energy to perform as expected, it is required to have an 
initial energy present in the simulation, so the initial internal energy was set to a value of 1.0e-3 in 
the cubes testing these terms (Cubes 5, 6, 7, 9 and 10). In the cubes testing the other coefficients 
(Cubes 1, 2, 3, 4 and 8), the initial internal energy was set to 1.0e-9. In addition, in order to elim-
inate issues with the work performed by the bulk viscosity, the two input coefficients for the bulk 
viscosity on the material card were set to 1.0e-20 in each of the 10 cubes. Failing to do so results 
in the work performed on the cube being dominated by contributions from the bulk viscosity. 
Finally, the code version used for this test was version 15.2.0 revision 1.3359.
	 Input coefficients for Equation-of-State Form 15 were developed for the purposes of this 
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testing. The values were chosen so that the contribution from each term was of the same order 
of magnitude (with the exception of the first term, which is constant). The following values were 
used as input for the testing of the full implementation of EOS Form 1: C0 = 1.0e-9, C1 = 1.224e-4, 
C2 = 1.2e-3, C3 = 1.3e-2, C4 = 1.1e-2, C5 = 2.4e-4 and C6 = 1.3.  The following table gives the values 
of the coefficients for each of the 10 cubes in the test suite.

Table 87. Suite of test input coefficients for EOS Form 15
Cube C0 C1 C2 C3 C4 C5 C6

1 1.0e-9 1.0e-20 0 0 0 0 0
2 0 1.224e-4 0 0 0 0 0
3 0 1.0e-20 1.2e-3 0 0 0 0
4 0 1.0e-20 0 1.3e-2 0 0 0
5 0 1.0e-20 0 0 1.1e-2 0 0
6 0 1.0e-20 0 0 0 2.4e-4 0
7 0 1.0e-20 0 0 0 0 1.3
8 1.0e-9 1.224e-4 1.2e-3 1.3e-2 0 0 0
9 0 1.0e-20 0 0 1.1e-2 2.4e-4 1.3

10 1.0e-9 1.224e-4 1.2e-3 1.3e-2 1.1e-2 2.4e-4 1.3
As stated above, the intent of this test was to create a situation in which each term in the polyno-
mial was making essentially an equal contribution to the final pressure (with the exception of the 
C0 term, which represents a constant offset) and not to create a test that was reflective of any real 
material.
	 Each term in the polynomial was tested independently, then the sums of the first four 
terms and the last three terms, followed by testing of the EOS as a whole. The following plot con-
tains the pressure from each of the first four terms in the polynomial, as returned by the code, as a 
function of time for this simulation.

Figure 45. Code pressures for the first four coefficients as a function of time
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As the plot demonstrates, each of the terms depending on µ returns a peak pressure on the order 
of 10-6 in compression and on the order of -10-6 in tension. Note that the C2 term depends on µ, 
not µ, and therefore makes no contribution to the pressure when the cube is in tension. Note also 
that the pressures in tension are lower than in compression due to the smaller displacements used 
to prevent failure of the material.
	 The following observations can be made from the code output. Coefficient 0 represents a 
constant pressure offset and was set to a value of 1.0e-9 in the first cube. To better than 1 part in 
1012, the cube remains at this pressure during the cycling of its volume. Coefficient 1 is linear in 
the excess compression. It should therefore return zero pressure when the compression is zero, 
return a positive value when the cube is compressed and should be negative when the cube is ex-
panded, which is reflected in the code output. Coefficient 2 goes as the square of the tension-lim-
ited excess compression and should therefore only return positive pressures when the cube is 
compressed, which is what the code returns. Coefficient 3 is proportional to the cube of the excess 
compression. It should therefore return zero pressure when the compression is zero, return a 
positive value when the cube is compressed and should be negative when the cube is expanded, 
which is reflected in the code output. Therefore, the code output is behaving qualitatively as ex-
pected.
	 Using the normalized difference defined in the testing of EOS Form 1, the agreement 
between the pressures for the C3 coefficient is demonstrated to be better than 1 part in 1011 in the 
following table.

Table 88. Exact and Code Pressures for the C3 Coefficient
Time Theoretical Code (Theoretical - Code)/Code

0.00E+00 0.000000E+00 0.000000E+00 0.000000E+00
1.00E-03 3.728549E-07 3.728549E-07 3.765283E-12
2.00E-03 3.171158E-06 3.171158E-06 7.890289E-13
3.00E-03 3.728549E-07 3.728549E-07 -2.457323E-12
4.00E-03 0.000000E+00 0.000000E+00 0.000000E+00
5.00E-03 -4.258254E-08 -4.258254E-08 5.089752E-12
6.00E-03 -3.306906E-07 -3.306906E-07 4.020127E-12
7.00E-03 -4.258254E-08 -4.258254E-08 1.137175E-11
8.00E-03 0.000000E+00 0.000000E+00 0.000000E+00

As the table clearly demonstrates, the predictions of theoretical expression and the code results 
are in excellent agreement. Similar, or better, levels of agreement are exhibited between the theo-
retical expression and the code results for the C0, C1 and C2 coefficient terms.
	 The next plot displays the pressure from each of the last three terms in the polynomial, as 
returned by the code, as a function of time for this simulation.
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Figure 46. Code pressures for the last three coefficients as a function of time

As the plot demonstrates, the C4 term, which depends only on the internal energy, makes a 
contribution on the order of 10-5, while the C5 term returns a peak pressure on the order of 10-6 
in compression and on the order of -10-6 in tension. Note that the C6 term depends on µ, not µ, 
and therefore makes no contribution to the pressure when the cube is in tension. Note also that 
the pressures in tension are lower than in compression due to the smaller displacements used to 
prevent failure of the material.
	 Coefficient 4 is proportional to the internal energy and should therefore return a value 
of 1.1e-5 when the cube is at its original volume, a value larger than this when compressed and a 
value smaller than this when expanded. This is again reflected in the code output, with the value 
at zero compression being equal to the expected value to better than 1 part in 1014. Coefficient 5 
is linear in both the excess compression and the internal energy. It should therefore return zero 
pressure when the compression is zero, return a positive value when the cube is compressed and 
should be negative when the cube is expanded, which is reflected in the code output. Coefficient 6 
is linear in the internal energy and proportional to the square of the tension-limited excess Com-
pression. It should therefore only return positive pressures when the cube is compressed, which is 
what the code returns. Therefore, the code output is behaving qualitatively as expected.
	 Using the normalized difference defined in the testing of EOS Form 1, the agreement be-
tween the theoretical expression and the code result can be quantified as illustrated in the follow-
ing table for the C5 coefficient.

Table 89. Exact and Code Pressures for the C5 Coefficient
Time Theoretical Code (Theoretical - Code)/Code

0.00E+00 0.000000E+00 0.000000E+00 0.000000E+00
1.00E-03 7.346516E-07 7.346516E-07 1.773992E-12
2.00E-03 1.499644E-06 1.499644E-06 6.875304E-13
3.00E-03 7.346516E-07 7.346516E-07 1.685069E-12
4.00E-03 0.000000E+00 0.000000E+00 0.000000E+00
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5.00E-03 -3.564307E-07 -3.564307E-07 -2.009718E-12
6.00E-03 -7.058441E-07 -7.058441E-07 -6.270148E-14
7.00E-03 -3.564307E-07 -3.564307E-07 -2.674970E-13
8.00E-03 0.000000E+00 0.000000E+00 0.000000E+00

As was observed in the results from the first four coefficients, the agreement between the code 
results and the theoretical expression is better than 1 part in 1011. Similar, or better, levels of 
agreement are exhibited between the theoretical expression and the code results for the C4 and C6 
coefficient terms.
	 Now that the behavior of each of the individual terms in the expression for Equation-of-
State Form 15 has been investigated, the behavior of the full expression can be examined. The fol-
lowing plot contains the pressure returned by the code for the full equation-of-state as a function 
of time.

Figure 47. Code pressure for EOS 15 as a function of time

Note that the pressure is behaving as one would expect, in that the pressure increases as the cube 
is compressed, decreases back to the starting value as the compression is released, further de-
creases as the cube is placed into tension and then relaxes back to the starting value as the tension 
is released. Also, while the pressures in compression are similar to those returned from the test-
ing of EOS Form 1, the change in pressure exhibited by the cube while in tension is substantially 
reduced due to the smaller displacement required to prevent activation of the failure model. 
	 The following table compares the pressure returned by the code as a function of time for 
the full equation-of-state to that predicted by the theoretical expression.

Table 90. Exact and Code Pressures for Equation-of-State Form 15
Time Code Theoretical (Theoretical - Code)/Code

0.00E+00 1.1001000E-05 1.100100000E-05 0.000000E+00
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1.00E-03 1.8203052E-05 1.820305106E-05 -6.094160E-08
2.00E-03 3.3099799E-05 3.309977696E-05 -6.594155E-07
3.00E-03 1.8203052E-05 1.820302423E-05 -1.534894E-06
4.00E-03 1.1001000E-05 1.100096614E-05 -3.077507E-06
5.00E-03 8.7826078E-06 8.782607694E-06 -1.608609E-08
6.00E-03 6.3619805E-06 6.362419780E-06 6.904992E-05
7.00E-03 8.7826078E-06 8.784738686E-06 2.426216E-04
8.00E-03 1.1001000E-05 1.100144737E-05 4.066614E-05

As demonstrated in the table, the code result agrees with the theoretical expression to better than 
2 parts in 106 in compression and about 2.5 parts in 104 in tension. These results establish confi-
dence in the pressures returned by the implementation of Equation-of-State Form 1 in DYNA3D. 
	 It is unclear why the agreement is poorer in tension than in compression, or why the 
agreement is lower than that exhibited for the individual terms. It is worth noting that the level of 
agreement exhibited in Table 90 is similar to the results from the testing of EOS Form 1 (See Table 
4).
	 The code results for the internal energy can also be examined for EOS Form 15. If one as-
sumes that C0=C1=C2=C3=0, then a simple closed form solution for the internal energy resulting 
from the remaining terms can be derived1. The form of the solution is as follows:

E = exp{- (C4(V-1) + C5(lnV - V +1) + C6(-1/V - 2lnV + V)) + lnE0}

where V is the final volume of the cube and E0 is the initial specific internal energy. This solution 
takes advantage of the fact that the initial volume of the cube is 1 cm3. Note also that the C6 term 
contributes to the internal energy only when the tension-limited excess compression is non-zero.
	 Unfortunately, DYNA3D does not write the internal energy to the high-speed edit file, so 
GRIZ was used to extract the internal energy from the code results. This limits the accuracy of the 
comparison because the GRIZ output contains only 7 significant figures. A numerical integration 
(similar to that performed by DYNA3D) was performed using EXCEL as a check on both the 
results of the closed form solution and the internal energy as extracted using GRIZ.
  	 The internal energy resulting from each of the three terms, extracted from the code output 
using GRIZ, was compared to the closed form solution. The following table displays the results for 
the internal energy resulting from the contribution of the C5 term as a function of time.

Table 91. Exact and Code results for the Internal Energy from the C5 term
Time Code (GRIZ) Closed Form (Closed - GRIZ)/GRIZ

0.00E+00 1.00000000E-03 1.000000E-03 0.000000E+00
1.00E-03 1.00001100E-03 1.000011E-03 -1.997580E-07
2.00E-03 1.00004300E-03 1.000043E-03 2.038514E-07
3.00E-03 1.00001100E-03 1.000011E-03 -1.997580E-07
4.00E-03 1.00000000E-03 1.000000E-03 2.168404E-16
5.00E-03 1.00000300E-03 1.000003E-03 -2.999842E-07
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6.00E-03 1.00001100E-03 1.000011E-03 -1.997609E-07
7.00E-03 1.00000300E-03 1.000003E-03 -2.999842E-07
8.00E-03 1.00000000E-03 1.000000E-03 2.168404E-16

As expected, given the restrictions on the GRIZ output, agreement between the two numbers is at 
the level of a few parts in 107. This level of agreement is similar to that obtained for the C4 and C6 
coefficients, as well.
	 The closed form solution for the internal energy resulting from the contribution for the 
three coefficients combined can also be compared to the code results, which is displayed in the 
following table.

Table 92. Exact and Code results for the Internal Energy from all 3 terms
Time Code (GRIZ) C4 - C6 Closed Form (Closed - GRIZ)/GRIZ

0.00E+00 1.00000000E-03 1.00000000E-03 0.00000000E+00
1.00E-03 1.00034900E-03 1.00034945E-03 4.50177450E-07
2.00E-03 1.00078700E-03 1.00078689E-03 -1.06876630E-07
3.00E-03 1.00034900E-03 1.00034945E-03 4.50177450E-07
4.00E-03 1.00000000E-03 1.00000000E-03 2.16840434E-16
5.00E-03 9.99836800E-04 9.99836887E-04 8.69547783E-08
6.00E-03 9.99677600E-04 9.99677541E-04 -5.88393734E-08
7.00E-03 9.99836800E-04 9.99836887E-04 8.69547783E-08
8.00E-03 1.00000000E-03 1.00000000E-03 2.16840434E-16

As expected, the agreement between the two numbers is at the level of a few parts in 107, similar 
to the agreement displayed in the examination of the behavior of the individual coefficients and 
limited by the precision of the GRIZ output.
	 DYNA3D uses numerical integration for these calculations rather than a closed form 
solution. Therefore, a numerical integration was performed in EXCEL to check against the closed 
form solution, which should be exact. The following table compares the results for the internal 
energy from the  numerical integration scheme to the closed form solution for the C5 coefficient.

Table 93. Exact and Numerical Integration results for the Internal Energy from the C5 term
Time Numerical Int Closed Form (Closed - NI)/NI

0.00E+00 1.00000000E-03 1.00000000E-03 0.00000000E+00
1.00E-03 1.00001079E-03 1.00001080E-03 1.09090606E-08
2.00E-03 1.00004318E-03 1.00004320E-03 2.20412156E-08
3.00E-03 1.00001059E-03 1.00001080E-03 2.14983742E-07
4.00E-03 1.00000019E-03 1.00000000E-03 -1.88848754E-07
5.00E-03 1.00000270E-03 1.00000270E-03 2.68658524E-09
6.00E-03 1.00001110E-03 1.00001080E-03 -2.97324236E-07
7.00E-03 1.00000290E-03 1.00000270E-03 -1.97100923E-07
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8.00E-03 1.00000030E-03 1.00000000E-03 -2.97297692E-07

As the table demonstrates, the agreement between the closed form solution and the EXCEL nu-
merical integration is about the same as that exhibited by the closed form solution and the code 
results (as extracted using GRIZ). This is not surprising, as the GRIZ output is limited to 7 signif-
icant figures.
	 The level of agreement exhibited by the C5 coefficient is also obtained for the C6 coeffi-
cient, while the C4 coefficient exhibits agreement between the numerical integration scheme and 
the closed form solution that is about 2 orders of magnitude better. As the contribution of the C4 
coefficient depends only on E (and not µ), this is not surprising.
	 The closed form solution for the internal energy resulting from the contribution for the 
three coefficients combined can also be compared to the results of the EXCEL numerical integra-
tion, which is displayed in the following table.

Table 94. Exact and Numerical Integration results for the Internal Energy from all 3 terms
Time C4 - C6 Numerical Int C4 - C6 Closed Form (Closed - NI)/NI

0.00E+00 1.000000000E-03 1.00000000E-03 0.00000000E+00
1.00E-03 1.000349421E-03 1.00034945E-03 2.89911294E-08
2.00E-03 1.000786797E-03 1.00078689E-03 9.62788491E-08
3.00E-03 1.000349490E-03 1.00034945E-03 -3.95746853E-08
4.00E-03 9.999995208E-04 1.00000000E-03 4.79181257E-07
5.00E-03 9.998368842E-04 9.99836887E-04 2.69988588E-09
6.00E-03 9.996774516E-04 9.99677541E-04 8.96274622E-08
7.00E-03 9.998369431E-04 9.99836887E-04 -5.61667153E-08
8.00E-03 9.999999103E-04 1.00000000E-03 8.96546353E-08

As expected, the level of agreement exhibited in the table is, in general, a few parts in 108, similar 
to the level of agreement exhibited by the C5 and C6 coefficients.
	 Continuing with the closed form solution investigation, if one assumes that C4=C5=C6=0, 
then a simple closed form solution for the internal energy due to the first four terms can be devel-
oped, which exhibits the following form:

E = -{C0(V-1) + C1(lnV - V + 1) + C2(-1/V - 2lnV + V) + C3(-1/(2V2) + 3/V + 3lnV - V - 1.5)} + E0

where V is the final volume of the cube and E0 is the initial internal energy. This solution takes 
advantage of the fact that the initial volume of the cube is 1 cm3. Note that the C2 term contributes 
to the internal energy only when the tension-limited excess compression is non-zero.
	 The internal energy resulting from each of the four terms, extracted from the code output 
using GRIZ, was compared to the results of the closed form solution. The following table displays 
the results for the internal energy resulting from the C1 term as a function of time.
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Table 95. Exact and Numerical Integration results for the Internal Energy from the C1 term
Time Code (GRIZ) Closed Form (Closed - GRIZ)/GRIZ

0.00E+00 1.000000E-09 1.0000000E-09 0.0000000E+00
1.00E-03 5.608092E-08 5.6080925E-08 9.6391507E-08
2.00E-03 2.213349E-07 2.2133493E-07 1.2195607E-07
3.00E-03 5.608092E-08 5.6080925E-08 9.6391507E-08
4.00E-03 1.000000E-09 1.0000000E-09 0.0000000E+00
5.00E-03 1.477006E-08 1.4770057E-08 -1.9319866E-07
6.00E-03 5.608091E-08 5.6080911E-08 1.2779578E-08
7.00E-03 1.477006E-08 1.4770057E-08 -1.9319866E-07
8.00E-03 1.000000E-09 1.0000000E-09 0.0000000E+00

The agreement between the code results and the closed form solution is better than 2 parts in 107 
and is similar to the results from coefficients C0, C2 and C3. These results are also similar to the 
level of agreement exhibited by the results for the last three terms of this EOS.  
	 The internal energy resulting from the combination of the four terms, extracted from the 
code output using GRIZ, was compared to the results of the closed form solution. The following 
table displays these results as a function of time.

Table 96. Exact and Numerical Integration results for Internal Energy from the C0 - C3 terms
Time Code (GRIZ) Closed Form (Closed - GRIZ)/GRIZ

0.00E+00 1.0000000E-09 1.0000000E-09 0.0000000E+00
1.00E-03 6.9793750E-08 6.9793744E-08 -8.5787025E-08
2.00E-03 3.5540810E-07 3.5540812E-07 4.7938045E-08
3.00E-03 6.9793750E-08 6.9793744E-08 -8.5787025E-08
4.00E-03 1.0000000E-09 1.0000000E-09 -2.8865805E-09
5.00E-03 1.4916910E-08 1.4916911E-08 4.3050380E-08
6.00E-03 5.8600770E-08 5.8600763E-08 -1.1509280E-07
7.00E-03 1.4916910E-08 1.4916911E-08 4.3050380E-08
8.00E-03 1.0000000E-09 1.0000000E-09 0.0000000E+00

The agreement between the code results and the closed form solution is better than 2 parts in 
107 and is similar to the level of agreement exhibited by the results for the last three terms of this 
EOS. This establishes confidence in the numerical integration performed by the code to deter-
mine the internal energy.
	 Finally, a convergence study2 was performed on the internal energy integration calcula-
tion for EOS Form 1 and these results should be applicable to EOS Form 15 as well. A series of 
seven simulations was run with successively smaller time-step values that varied between 5.0e-5 
and 8.9e-11. Each simulation was run to the first peak in the compression. The final value of the 
internal energy for each of the first seven cubes was extracted using GRIZ. Using the energy from 
the simulation with the smallest time-step size as the “exact” answer, the error (difference in val-
ues) for each cube/term was calculated and examined as a function of the time-step size. For each 
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term, the error looked like error = C Dt2, where C is some constant and Dt is the time-step size. 
Therefore, the integration of the internal energy is second order accurate as the error is quadratic 
in Dt.	
	 The pressure is the more important quantity being determined from the equation-of-state 
and the agreement between the code results and those obtained from the theoretical equation is 
better than 5 parts in 107, as exhibited earlier. This level of agreement is similar to that exhibited 
by the code results for the internal energy and the closed form solutions. Finally, as established by 
the convergence study, the agreement between the closed form solutions for the internal energy 
and the code results can be improved by decreasing the time step, which would also improve the 
agreement between the code predictions for the pressure and the theoretical result
	 This establishes the implementation of Equation-of-State Form 15 in DYNA3D. The 
equation-of-state is performing as expected, in that the pressure in the cubes increases as they are 
compressed and decreases as they are expanded. The behavior of each of the terms in the equa-
tion-of-state has been examined and found to be performing as expected and with good accuracy. 
The behavior of the equation-of-state as a whole has been examined and is performing as expect-
ed and with good accuracy.
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Equation-of-State Form 16

Equation-of-State Form 16 has been removed from the code as a result of the creation of this test 
suite and the subsequent analysis performed. The results of the testing and analysis performed on 
EOS Form 16 may be found in Appendix B.
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Equation-of-State Form 17

	 Equation-of-State Form 17 is a Pore Collapse model (a modification of EOS Form 11)
intended for use only with Material Model 64. It uses two curves: the virgin loading curve and the 
completely crushed curve, as shown in the figure below (taken from the EOS Form 11 section of 

Figure 48. Illustration of EOS Form 11 from the DYNA3D manual

DYNA3D manual). The loading curves are entered into the model by defining the pressures as a 
function of the excess compression, µ (related to the density by μ = r/r0 - 1). Note that µ is posi-
tive in compression and negative in tension.
	 The model requires the definition of two critical points: the excess compression required 
for pore collapse to begin (µ1) and the excess compression required for the material to be com-
pletely crushed (µ2). Unloading occurs along the virgin loading curve until the excess compres-
sion exceeds µ1. Once the excess compression exceeds µ1, unloading occurs along a partially 
crushed path between the virgin and completely crushed curves defined by:
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µ = −p p( )B cc
1

max

is the excess compression corresponding to a pressure of pmax on the completely crushed curve.
	 Prior to discussing the calculations using EOS Form 17, a few code issues need to be 
addressed and these are not necessarily readily apparent to the user.  First, in order to eliminate 
issues with the work performed by the bulk viscosity, the two input coefficients for the bulk vis-
cosity on the material card were set to 1.0e-20 in each of the 3 cubes. Failing to do so results in the 
work performed on the cube being dominated by contributions from the bulk viscosity. Finally, 
the code version used for this test was version 15.2.0 revision 1.3368.
	 The implementation of the model in DYNA3D uses a monotonic cubic spline to model 
the virgin loading and completely crushed curves. Previous testing of this equation-of-state mod-
el3 revealed that cubic spline routines available for use in EXCEL returned results that differed 
from each other by as much as several per cent when applied to the same data sets. This makes 
characterization of the code results difficult if one is to rely on the values returned by these rou-
tines. Therefore, the decision was made to test this EOS model using two sets of input curves. The 
first set of curves would define linear relationships between the pressure and the excess compres-
sion for both the virgin loading and completely crushed curves. This would allow the pressure to 
be calculated exactly from the excess compression without relying on an interpolation to check 
the code result. The second set of curves were provided by Jerry Lin for the initial testing of this 
EOS model and resemble the curves that appear in the figure on the previous page. This testing 
requires the use of a cubic spline routine to compare to the code results. In addition, the pressure 
in this EOS model is defined to be independent of the internal energy and so each set of input 
curves was tested twice using different initial values for the internal energy to verify this indepen-
dence.
	 The first set of curves to be tested uses 10 points to define a linear relationship between the 
excess compression and the pressure for both the virgin loading curve and the completely crushed 
curve. The defining points are given in the following table:

Table 97. Linear response curves used for testing EOS Form 17
Virgin Loading Curve Completely Crushed Curve

µ p µ p
0.000000E+00 0.000000E+00 4.000000E-02 0.000000E+00
1.000000E-02 1.000000E-01 4.200000E-02 1.000000E-01
2.000000E-02 2.000000E-01 4.400000E-02 2.000000E-01
3.000000E-02 3.000000E-01 4.600000E-02 3.000000E-01
4.000000E-02 4.000000E-01 4.800000E-02 4.000000E-01
5.000000E-02 5.000000E-01 5.000000E-02 5.000000E-01
6.000000E-02 6.000000E-01 6.000000E-02 6.000000E-01
7.000000E-02 7.000000E-01 7.000000E-02 7.000000E-01
8.000000E-02 8.000000E-01 8.000000E-02 8.000000E-01
9.000000E-02 9.000000E-01 9.000000E-02 9.000000E-01
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For these linear curves, µ1 = 0.01 and µ2 = 0.05. These response curves will be tested using Cubes 1 
and 2, with Cube 1 having an initial internal energy of 1x10-6 and Cube 2 an initial internal energy 
of 1x10-3. These linear response curves can be calculated exactly in the spreadsheet model. 
	 The following plot illustrates that these response curves yield a result which resembles the 
earlier figure from the DYNA3D manual. However, the use of these curves actually represents an 
overtest in terms of physical reality, in that actual curves would not display such a pronounced 
kink when the two curves merge. This will illuminate an issue with the cubic spline routines used 
in the code, which will be discussed below.

Figure 49. Linear response curves used for testing Cubes 1 and 2 

	 Given the definition of the pressure in this equation-of-state model, one would expect 
Cubes 1 and 2 to return the same pressures as a function of time, which is the result obtained. 
The pressures for these 2 cubes are shown in the following plot as a function of time. Note that 
the cubes are loaded 4 times and unloaded 3 times, with two of the load/unload cycles occurring 
below µ=µ2. As the plot demonstrates, at least at the level of the graph norm, the two cubes are 
returning the same pressure.
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Figure 50. Cubes 1 and 2 pressures from testing EOS Form 17 with linear response curves

	 The following table makes this point more forcefully, and also reveals the issue with the 
cubic spline routines mentioned earlier.

Table 98. Code pressures returned for Cubes 1 and 2 from testing EOS Form 17
Time Analytic Pressure C1 Pressure (An - C1)/C1 C2 Pressure (An-C2)/C2

0.00E+00 0.000000E+00 0.000000E+00 0.000000E+00 0.000000E+00 0.000000E+00
2.00E-04 3.608657E-02 3.608657E-02 -6.770342E-13 3.608657E-02 8.000964E-13
4.00E-04 7.234699E-02 7.234699E-02 -1.216155E-13 7.234699E-02 6.759829E-13
6.00E-04 1.087823E-01 1.087823E-01 -7.450319E-14 1.087823E-01 2.472383E-13
8.00E-04 1.453935E-01 1.453935E-01 -7.292367E-14 1.453935E-01 -3.136481E-13
1.00E-03 1.821818E-01 1.821818E-01 -5.576046E-14 1.821818E-01 -1.546362E-13
1.20E-03 1.506962E-01 1.506962E-01 -2.273915E-12 1.506962E-01 -4.052380E-12
1.40E-03 1.192359E-01 1.192359E-01 -6.958921E-13 1.192359E-01 -5.904084E-12
1.60E-03 8.780086E-02 8.780086E-02 -1.014112E-12 8.780086E-02 -1.029649E-11
1.80E-03 5.639113E-02 5.639113E-02 -4.629856E-12 5.639113E-02 -9.189081E-12
2.00E-03 2.500666E-02 2.500666E-02 -1.148414E-11 2.500666E-02 -3.405813E-11
2.20E-03 1.821818E-01 1.821818E-01 -6.086422E-13 1.821818E-01 -1.267408E-12
2.40E-03 2.129747E-01 2.129747E-01 -6.735112E-13 2.129747E-01 -8.003158E-13
2.60E-03 2.438918E-01 2.438918E-01 -3.805566E-13 2.438918E-01 -7.987820E-13
2.80E-03 2.749339E-01 2.749339E-01 -3.046781E-13 2.749339E-01 -1.039419E-12
3.00E-03 3.061015E-01 3.061015E-01 -3.169977E-13 3.061015E-01 -9.408377E-13
3.20E-03 2.554132E-01 2.554132E-01 2.716732E-14 2.554132E-01 7.317790E-13
3.40E-03 2.047904E-01 2.047904E-01 -8.207795E-13 2.047904E-01 1.537742E-12
3.60E-03 1.542329E-01 1.542329E-01 -1.481601E-12 1.542329E-01 2.603104E-12
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3.80E-03 1.037408E-01 1.037408E-01 -5.968984E-13 1.037408E-01 5.032568E-12
4.00E-03 5.331371E-02 5.331371E-02 -5.158971E-12 5.331371E-02 1.126649E-11
4.20E-03 1.037408E-01 1.037408E-01 -6.023965E-12 1.037408E-01 6.851891E-13
4.40E-03 1.542329E-01 1.542329E-01 -3.160976E-12 1.542329E-01 -2.000242E-12
4.60E-03 2.047904E-01 2.047904E-01 -1.865728E-12 2.047904E-01 -1.104041E-12
4.80E-03 2.554132E-01 2.554132E-01 -1.339240E-12 2.554132E-01 -2.666527E-12
5.00E-03 3.061015E-01 3.061015E-01 2.981375E-13 3.061015E-01 -1.162083E-12
5.20E-03 3.688160E-01 3.688160E-01 -2.819086E-13 3.688160E-01 -1.149609E-12
5.40E-03 4.320403E-01 4.307048E-01 3.100694E-03 4.307048E-01 3.100694E-03
5.60E-03 4.957797E-01 4.957797E-01 -3.300798E-13 4.957797E-01 -1.048127E-12
5.80E-03 5.600394E-01 5.600394E-01 -3.326470E-13 5.600394E-01 -1.014593E-12
6.00E-03 6.248247E-01 6.248247E-01 -2.048714E-13 6.248247E-01 -9.346259E-13
6.20E-03 5.858901E-01 5.858901E-01 -1.464784E-13 5.858901E-01 -8.479829E-13
6.40E-03 5.471455E-01 5.471455E-01 -1.743013E-13 5.471455E-01 -9.528740E-13
6.60E-03 5.085898E-01 5.085898E-01 -2.220054E-13 5.085898E-01 -8.768886E-13
6.80E-03 3.511088E-01 3.511088E-01 -1.738494E-12 3.511088E-01 -5.247419E-12
7.00E-03 1.602014E-01 1.602014E-01 -3.322497E-12 1.602014E-01 -1.379052E-11
7.20E-03 4.788983E-01 4.868939E-01 -1.642173E-02 4.868939E-01 -1.642173E-02
7.40E-03 5.600394E-01 5.600394E-01 -2.246061E-13 5.600394E-01 -8.478733E-13
7.60E-03 6.248247E-01 6.248247E-01 -1.099873E-13 6.248247E-01 -7.661800E-13
7.80E-03 6.901411E-01 6.901411E-01 -7.705625E-14 6.901411E-01 -6.523238E-13
8.00E-03 7.559939E-01 7.559939E-01 3.377690E-15 7.559939E-01 -6.422017E-13

As the table illustrates, the analytic model and the code are in excellent agreement and the differ-
ences in the pressures returned by Cubes 1 and 2 are very small, as expected, since the internal 
energy does not play a role in determining the pressure in the equation-of-state model.
	 However, there are two time points where the analytic model and the code do not agree 
well. The second of these is at a time of 7.2x10-3 and the discrepancy at this time as actually 
expected, as this point is near µ2, which means the cubic spline in the code is drawing a smooth 
curve around the kink in the response curve, so it is not surprising that a disagreement is ob-
tained at this point. The other issue occurs at a time of 5.4x10-3 and uncovering the cause of this 
discrepancy illustrates an issue with the cubic splines and how they are used in the code. 
	 To improve the speed of the code, three cubic spline fits are actually employed by the 
code. There is a fit for the virgin loading curve, the completely crushed curve and the inverse of 
the completely crushed curve, which is required for loading and unloading at points between µ1 
and µ2. The code uses the partially crushed curve defined by the earlier equation for loading and 
unloading for all µ1<µ<µ2 and it turns out that the fits to the completely crushed curve and its 
inverse are not always mathematical inverses of each other, i.e., 

µ µ( )( )= −p pcc cc
1
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does not hold for all values of µ between all of the input data pairs. This can cause the code to 
return a loading that does not agree exactly with the expected value and is the reason for the dis-
crepancy between the analytical model and the code result at a time of 5.4x10-3.
	 Having established that the implementation of this equation-of-state model can indeed 
match the results of a simplified response curve, the following, more realistic response curves pro-
vided by Jerry Lin were used to test the EOS model.

Table 99. Generalized response curves used for testing EOS Form 17
Virgin Loading Curve Completely Crushed Curve

µ p µ p
0.00000000E+00 0.00000000E+00 1.08030000E-01 0.00000000E+00
5.63830000E-03 4.30000000E-05 1.08600000E-01 4.30000000E-05
3.63890000E-02 2.00000000E-04 1.10630000E-01 2.00000000E-04
5.40830000E-02 4.00000000E-04 1.13110000E-01 4.00000000E-04
6.53400000E-02 6.00000000E-04 1.15470000E-01 6.00000000E-04
7.39140000E-02 8.00000000E-04 1.17730000E-01 8.00000000E-04
8.09860000E-02 1.00000000E-03 1.19910000E-01 1.00000000E-03
1.06040000E-01 2.00000000E-03 1.29690000E-01 2.00000000E-03
1.23510000E-01 3.00000000E-03 1.38130000E-01 3.00000000E-03
1.37480000E-01 4.00000000E-03 1.45630000E-01 4.00000000E-03
1.49370000E-01 5.00000000E-03 1.52440000E-01 5.00000000E-03
1.56970000E-01 5.71370000E-03 1.56970000E-01 5.71370000E-03
1.58720000E-01 6.00000000E-03 1.58720000E-01 6.00000000E-03
1.65330000E-01 7.00000000E-03 1.65330000E-01 7.00000000E-03
1.71620000E-01 8.00000000E-03 1.71620000E-01 8.00000000E-03
1.77640000E-01 9.00000000E-03 1.77640000E-01 9.00000000E-03
1.81140000E-01 9.60000000E-03 1.81140000E-01 9.60000000E-03
1.83430000E-01 1.00000000E-02 1.83430000E-01 1.00000000E-02
2.09720000E-01 1.50000000E-02 2.09720000E-01 1.50000000E-02
2.32960000E-01 2.00000000E-02 2.32960000E-01 2.00000000E-02
2.50000000E-01 2.40000000E-02 2.50000000E-01 2.40000000E-02
2.71130000E-01 3.00000000E-02 2.71130000E-01 3.00000000E-02
2.86000000E-01 3.50000000E-02 2.86000000E-01 3.50000000E-02
3.00350000E-01 4.00000000E-02 3.00350000E-01 4.00000000E-02
3.27680000E-01 5.00000000E-02 3.27680000E-01 5.00000000E-02
3.78540000E-01 7.00000000E-02 3.78540000E-01 7.00000000E-02
4.48380000E-01 1.00000000E-01 4.48380000E-01 1.00000000E-01
5.56280000E-01 1.50000000E-01 5.56280000E-01 1.50000000E-01
6.68470000E-01 2.00000000E-01 6.68470000E-01 2.00000000E-01
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7.72960000E-01 2.50000000E-01 7.72960000E-01 2.50000000E-01
8.48410000E-01 3.00000000E-01 8.48410000E-01 3.00000000E-01
8.97070000E-01 3.50000000E-01 8.97070000E-01 3.50000000E-01
9.39820000E-01 4.00000000E-01 9.39820000E-01 4.00000000E-01
1.01220000E+00 5.00000000E-01 1.01220000E+00 5.00000000E-01
1.12250000E+00 7.00000000E-01 1.12250000E+00 7.00000000E-01
1.20480000E+00 9.00000000E-01 1.20480000E+00 9.00000000E-01
1.23910000E+00 1.00000000E+00 1.23910000E+00 1.00000000E+00
1.36860000E+00 1.50000000E+00 1.45720000E+00 2.00000000E+00
1.45720000E+00 2.00000000E+00

For these generalized curves, µ1 = 0.0056383 and µ2 = 0.15697. These response curves will be 
tested using Cubes 3 and 4, with Cube 3 having an initial internal energy of 1x10-6 and Cube 4 an 
initial internal energy of 1x10-3. These generalized response curves cannot be calculated exactly 
in the spreadsheet model, requiring instead the use of a cubic spline to model them. Based on the 
earlier testing of this EOS model3, this is expected to result in a poorer match between the spread-
sheet model and the code results.
	 The following plot illustrates that these generalized response curves yield a result which 
greatly resembles the earlier figure from the DYNA3D manual. Note that the plot is displaying 
only the bottom part of the curves in order to accentuate the difference between the two curves. 
Note also that these curves join much more smoothly than the two linear curves used in the 
earlier tests for this EOS model and the cubic splines should not have as large an effect near the 
junction point as was observed in the earlier tests. The testing of the EOS model will focus on this 
part of the curves.

Figure 51. Generalized response curves used for testing Cubes 3 and 4

	 Given the definition of the pressure in this equation-of-state model, one would expect 
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Cubes 3 and 4 to return the same pressures as a function of time, which is the result obtained. The 
pressures for these 2 cubes are shown in the following plot as a function of time. Note that the 
cubes are loaded 4 times and unloaded 3 times, with three of the load/unload cycles occurring 
below µ=µ2. As the plot demonstrates, at least at the level of the graph norm, the two cubes are 
returning the same pressure.

Figure 52. Cubes 3 and 4 pressures from testing EOS Form 17 with generalized response curves

	 The following table makes this point more forcefully, and also demonstrates the reduced 
agreement between the spreadsheet model and the code results that was expected due to the use 
of a cubic spline routine in the spreadsheet model.

Table 100. Code pressures returned for Cubes 3 and 4 from testing EOS Form 17
Time Analytic Pressure C3 Pressure (An - C3)/C3 C4 Pressure (An-C4)/C4

0.00E+00 0.000000E+00 0.000000E+00 0.000000E+00 0.000000E+00 0.000000E+00
2.00E-04 9.645977E-05 9.474809E-05 1.806554E-02 9.474809E-05 1.806554E-02
4.00E-04 1.672482E-04 1.677360E-04 -2.908515E-03 1.677360E-04 -2.908515E-03
6.00E-04 3.109244E-04 3.132531E-04 -7.433834E-03 3.132531E-04 -7.433834E-03
8.00E-04 5.748602E-04 5.751803E-04 -5.564665E-04 5.751803E-04 -5.564665E-04
1.00E-03 9.999946E-04 9.999943E-04 2.925077E-07 9.999943E-04 2.925099E-07
1.20E-03 7.831329E-04 7.831286E-04 5.507326E-06 7.831286E-04 5.507330E-06
1.40E-03 5.750693E-04 5.750983E-04 -5.050622E-05 5.750983E-04 -5.050621E-05
1.60E-03 3.767314E-04 3.767335E-04 -5.594242E-06 3.767335E-04 -5.594227E-06
1.80E-03 1.882123E-04 1.881993E-04 6.902560E-05 1.881993E-04 6.902562E-05
2.00E-03 8.231522E-06 8.230771E-06 9.126185E-05 8.230771E-06 9.126211E-05
2.20E-03 1.057329E-03 1.059971E-03 -2.492685E-03 1.059971E-03 -2.492685E-03
2.40E-03 1.549730E-03 1.562714E-03 -8.308592E-03 1.562714E-03 -8.308592E-03
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2.60E-03 2.198989E-03 2.192369E-03 3.019260E-03 2.192369E-03 3.019260E-03
2.80E-03 3.014766E-03 3.014835E-03 -2.297077E-05 3.014835E-03 -2.297077E-05
3.00E-03 4.030104E-03 4.027933E-03 5.390382E-04 4.027933E-03 5.390382E-04
3.20E-03 3.215352E-03 3.240665E-03 -7.810815E-03 3.240665E-03 -7.810815E-03
3.40E-03 2.499214E-03 2.523526E-03 -9.634170E-03 2.523526E-03 -9.634170E-03
3.60E-03 1.847859E-03 1.869343E-03 -1.149277E-02 1.869343E-03 -1.149277E-02
3.80E-03 1.258571E-03 1.279072E-03 -1.602833E-02 1.279072E-03 -1.602833E-02
4.00E-03 7.297018E-04 7.470227E-04 -2.318661E-02 7.470227E-04 -2.318661E-02
4.20E-03 1.280905E-03 1.301610E-03 -1.590705E-02 1.301610E-03 -1.590705E-02
4.40E-03 1.897540E-03 1.919052E-03 -1.121000E-02 1.919052E-03 -1.121000E-02
4.60E-03 2.581446E-03 2.606043E-03 -9.438089E-03 2.606043E-03 -9.438089E-03
4.80E-03 3.335888E-03 3.361754E-03 -7.694298E-03 3.361754E-03 -7.694298E-03
5.00E-03 4.128556E-03 4.118987E-03 2.323112E-03 4.118987E-03 2.323112E-03
5.20E-03 3.755325E-03 3.712124E-03 1.163770E-02 3.712124E-03 1.163770E-02
5.40E-03 3.363498E-03 3.321409E-03 1.267231E-02 3.321409E-03 1.267231E-02
5.60E-03 2.989107E-03 2.949365E-03 1.347491E-02 2.949365E-03 1.347491E-02
5.80E-03 2.631686E-03 2.594397E-03 1.437267E-02 2.594397E-03 1.437267E-02
6.00E-03 2.290757E-03 2.254829E-03 1.593411E-02 2.254829E-03 1.593411E-02
6.20E-03 4.349821E-03 4.324582E-03 5.836294E-03 4.324582E-03 5.836294E-03
6.40E-03 6.021134E-03 6.020208E-03 1.537848E-04 6.020208E-03 1.537848E-04
6.60E-03 8.810522E-03 8.810483E-03 4.400700E-06 8.810483E-03 4.400698E-06
6.80E-03 1.202203E-02 1.204345E-02 -1.778218E-03 1.204345E-02 -1.778218E-03
7.00E-03 1.566475E-02 1.565860E-02 3.926142E-04 1.565860E-02 3.926142E-04
7.20E-03 2.213134E-02 2.212437E-02 3.150547E-04 2.212437E-02 3.150547E-04
7.40E-03 3.047556E-02 3.046505E-02 3.451182E-04 3.046505E-02 3.451182E-04
7.60E-03 4.126745E-02 4.127381E-02 -1.540618E-04 4.127381E-02 -1.540618E-04
7.80E-03 5.325636E-02 5.326140E-02 -9.449795E-05 5.326140E-02 -9.449795E-05
8.00E-03 6.639880E-02 6.639596E-02 4.287370E-05 6.639596E-02 4.287370E-05

As the table illustrates, the analytic model and the code exhibit markedly poorer agreement than 
that exhibited in the testing using the linearized response curves, a result that was expected based 
on the requirement to use cubic splines in both the analytical model and the code. Note that the 
agreement between the spreadsheet model and the code results exhibits marked improvement in 
the vicinity of the entered data pairs in the response curves, as would be expected from the behav-
ior of cubic splines. 
	 As expected, the differences in the pressures returned by Cubes 3 and 4 are smaller than 
the number of significant digits displayed in the table, since, by definition, the internal energy 
does not play a role in determining the pressure in this equation-of-state model. In addition, as 
the following plot demonstrates, these cubes are loading and unloading in the manner expected 
from this EOS model.
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Figure 53. Cubes 3 and 4 pressures as a function of excess compression

	 As the plot demonstrates, for µ1<µ<µ2, the cubes unload and reload along a line that lies 
between the virgin loading curve and the completely crushed curve. In addition, both cubes ex-
hibit the same behavior, as expected.
	 The code results for the internal energy can also be examined for the equation-of-state 
model. Given the use of cubic splines in the code to determine the behavior of this EOS model, 
there is no closed form solution for the internal energy returned by this model. Given the use of 
linear response curves in Cubes 1 and 2 and the excellent agreement obtained for the pressure 
between the analytic model and the code, one would expect to obtain good agreement for the 
internal energies in Cubes 1 and 2. The requirement to use cubic splines in the analytic model for 
Cubes 3 and 4 degrades the agreement obtained for the pressures and one would expect that to 
also affect the results obtained for the internal energy.
	 The following table gives the results for the internal energy for Cube 1, which had an 
initial internal energy of 1.0x10-6. The code results for the internal energy were extracted using 
GRIZ, which limits the accuracy to 7 significant figures.

Table 101. Internal energies for Cube 1 from testing EOS Form 17
Time Code (GRIZ) EXCEL Integration (EXCEL - GRIZ)/GRIZ

0.00E+00 1.00000000E-06 1.00000000E-06 0.000000E+00
2.00E-04 6.58000200E-05 6.58000156E-05 -6.618777E-08
4.00E-04 2.60200300E-04 2.60200249E-04 -1.942089E-07
6.00E-04 5.84201300E-04 5.84201264E-04 -6.233230E-08
8.00E-04 1.03780400E-03 1.03780400E-03 -2.915011E-09
1.00E-03 1.62101000E-03 1.62100977E-03 -1.435633E-07
1.20E-03 1.52232300E-03 1.52232317E-03 1.099541E-07
1.40E-03 1.44226600E-03 1.44226597E-03 -2.061316E-08
1.60E-03 1.38083800E-03 1.38083817E-03 1.227213E-07
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1.80E-03 1.33804000E-03 1.33803976E-03 -1.793816E-07
2.00E-03 1.31387100E-03 1.31387074E-03 -1.991245E-07
2.20E-03 1.62101000E-03 1.62100977E-03 -1.434241E-07
2.40E-03 2.20601800E-03 2.20601811E-03 4.968109E-08
2.60E-03 2.88103100E-03 2.88103092E-03 -2.824079E-08
2.80E-03 3.64605000E-03 3.64604957E-03 -1.192449E-07
3.00E-03 4.50107500E-03 4.50107561E-03 1.345998E-07
3.20E-03 4.23683500E-03 4.23683443E-03 -1.344698E-07
3.40E-03 4.02013000E-03 4.02013026E-03 6.526612E-08
3.60E-03 3.85096300E-03 3.85096306E-03 1.478035E-08
3.80E-03 3.72933300E-03 3.72933278E-03 -5.936694E-08
4.00E-03 3.65523900E-03 3.65523940E-03 1.099970E-07
4.20E-03 3.72933300E-03 3.72933278E-03 -5.936694E-08
4.40E-03 3.85096300E-03 3.85096306E-03 1.478035E-08
4.60E-03 4.02013000E-03 4.02013026E-03 6.526610E-08
4.80E-03 4.23683500E-03 4.23683443E-03 -1.344699E-07
5.00E-03 4.50107500E-03 4.50107561E-03 1.345998E-07
5.20E-03 6.48115700E-03 6.48115703E-03 4.513066E-09
5.40E-03 8.81996100E-03 8.82129139E-03 1.508381E-04
5.60E-03 1.15134500E-02 1.15214979E-02 6.989997E-04
5.80E-03 1.45737500E-02 1.45817988E-02 5.522829E-04
6.00E-03 1.79941700E-02 1.80022195E-02 4.473409E-04
6.20E-03 1.58987000E-02 1.59067512E-02 5.064072E-04
6.40E-03 1.39328800E-02 1.39409299E-02 5.777643E-04
6.60E-03 1.20967000E-02 1.21047498E-02 6.654514E-04
6.80E-03 1.05424100E-02 1.05596761E-02 1.637772E-03
7.00E-03 9.64913500E-03 9.66640222E-03 1.789509E-03
7.20E-03 1.15148600E-02 1.15247308E-02 8.572206E-04
7.40E-03 1.45737400E-02 1.45817989E-02 5.529706E-04
7.60E-03 1.79941700E-02 1.80022195E-02 4.473419E-04
7.80E-03 2.17747300E-02 2.17827884E-02 3.700822E-04
8.00E-03 2.59154800E-02 2.59235371E-02 3.108988E-04

As the table demonstrates, the agreement between the analytic model and the code is as good as 
can be expected, given the 7 digit output from GRIZ, until t = 5.4x10-3. This is the first time point 
when the analytic model and the code disagree noticeably for the pressure due to the manner in 
which the cubic splines are employed by the code. This feeds through into the numerical inte-
gration performed by the code to determine the internal energy and the analytic mode and code 
never re-establish good agreement for the internal energy after that.
	 The following table gives the results for the internal energy for Cube 2, which had an 
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initial internal energy of 1.0x10-3. The code results for the internal energy were extracted using 
GRIZ, which limits the accuracy to 7 significant figures.

Table 102. Internal energies for Cube 2 from testing EOS Form 17
Time Code (GRIZ) EXCEL Integration (EXCEL - GRIZ)/GRIZ

0.00E+00 1.00000000E-03 1.00000000E-03 0.000000E+00
2.00E-04 1.06480000E-03 1.06480002E-03 1.469276E-08
4.00E-04 1.25920000E-03 1.25920025E-03 1.981153E-07
6.00E-04 1.58320100E-03 1.58320126E-03 1.664889E-07
8.00E-04 2.03680400E-03 2.03680400E-03 -1.485270E-09
1.00E-03 2.62001000E-03 2.62000977E-03 -8.882312E-08
1.20E-03 2.52132300E-03 2.52132317E-03 6.638805E-08
1.40E-03 2.44126600E-03 2.44126597E-03 -1.217796E-08
1.60E-03 2.37983800E-03 2.37983817E-03 7.120576E-08
1.80E-03 2.33704000E-03 2.33703976E-03 -1.027024E-07
2.00E-03 2.31287100E-03 2.31287074E-03 -1.131165E-07
2.20E-03 2.62001000E-03 2.62000977E-03 -8.873703E-08
2.40E-03 3.20501800E-03 3.20501811E-03 3.419556E-08
2.60E-03 3.88003100E-03 3.88003092E-03 -2.096957E-08
2.80E-03 4.64505000E-03 4.64504957E-03 -9.359921E-08
3.00E-03 5.50007500E-03 5.50007561E-03 1.101519E-07
3.20E-03 5.23583500E-03 5.23583443E-03 -1.088129E-07
3.40E-03 5.01913000E-03 5.01913026E-03 5.227565E-08
3.60E-03 4.84996300E-03 4.84996306E-03 1.173588E-08
3.80E-03 4.72833300E-03 4.72833278E-03 -4.682392E-08
4.00E-03 4.65423900E-03 4.65423940E-03 8.638694E-08
4.20E-03 4.72833300E-03 4.72833278E-03 -4.682392E-08
4.40E-03 4.84996300E-03 4.84996306E-03 1.173587E-08
4.60E-03 5.01913000E-03 5.01913026E-03 5.227563E-08
4.80E-03 5.23583500E-03 5.23583443E-03 -1.088130E-07
5.00E-03 5.50007500E-03 5.50007561E-03 1.101519E-07
5.20E-03 7.48015700E-03 7.48015703E-03 3.910329E-09
5.40E-03 9.81896100E-03 9.82029139E-03 1.354916E-04
5.60E-03 1.25124500E-02 1.25204979E-02 6.431913E-04
5.80E-03 1.55727500E-02 1.55807988E-02 5.168536E-04
6.00E-03 1.89931700E-02 1.90012195E-02 4.238117E-04
6.20E-03 1.68977000E-02 1.69057512E-02 4.764682E-04
6.40E-03 1.49318800E-02 1.49399299E-02 5.391096E-04
6.60E-03 1.30957000E-02 1.31037498E-02 6.146877E-04
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6.80E-03 1.15414100E-02 1.15586761E-02 1.496010E-03
7.00E-03 1.06481400E-02 1.06654022E-02 1.621148E-03
7.20E-03 1.25138600E-02 1.25237308E-02 7.887874E-04
7.40E-03 1.55727400E-02 1.55807989E-02 5.174972E-04
7.60E-03 1.89931700E-02 1.90012195E-02 4.238127E-04
7.80E-03 2.27737300E-02 2.27817884E-02 3.538481E-04
8.00E-03 2.69144800E-02 2.69225371E-02 2.993590E-04

As the table demonstrates, the agreement between the analytic model and the code is as good as 
can be expected, given the 7 digit output from GRIZ, until t = 5.4x10-3. This is the first time point 
when the analytic model and the code disagree noticeably for the pressure due to the manner in 
which the cubic splines are employed by the code. This feeds through into the numerical inte-
gration performed by the code to determine the internal energy and the analytic mode and code 
never re-establish good agreement for the internal energy after that.
	 An interesting behavior is revealed by the following plot, which shows the normalized dif-
ference between the spreadsheet numerical integration for the internal energy and the code result 
for both Cubes 1 and 2. 

Figure 54. Normalized differences for internal energy for Cubes 1 and 2

Despite a difference of three orders of magnitude in the initial value of the internal energy for 
Cubes 1 and 2, the normalized difference between the spreadsheet model and the code result for 
the internal energy returned by these cubes bear a striking resemblance to each other. This is in 
fact not a surprise, as the internal energy developed in Cube 1 becomes on the order of the initial 
value of the internal energy in Cube 2 by a time of 8x10-4, which is very early in the calculation.
	 The following table gives the results for the internal energy for Cube 3, which had an ini-
tial internal energy of 1.0x10-6, and used the generalized response curve. The code results for the 
internal energy were extracted using GRIZ, which limits the accuracy to 7 significant figures.
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Table 103. Internal energies for Cube 3 from testing EOS Form 17
Time Code (GRIZ) EXCEL Integration (EXCEL - GRIZ)/GRIZ

0.00E+00 1.00000000E-06 1.00000000E-06 0.00000000E+00
2.00E-04 1.80596600E-06 1.81834290E-06 6.85333928E-03
4.00E-04 3.76389600E-06 3.78468534E-06 5.52335536E-03
6.00E-04 7.21363400E-06 7.22450966E-06 1.50765277E-03
8.00E-04 1.36197600E-05 1.36257020E-05 4.36281390E-04
1.00E-03 2.49320600E-05 2.49449455E-05 5.16823285E-04
1.20E-03 2.31866400E-05 2.31992987E-05 5.45947248E-04
1.40E-03 2.18555100E-05 2.18681132E-05 5.76659425E-04
1.60E-03 2.09219300E-05 2.09345716E-05 6.04228454E-04
1.80E-03 2.03674900E-05 2.03801699E-05 6.22555405E-04
2.00E-03 2.01753100E-05 2.01880737E-05 6.32641486E-04
2.20E-03 2.65476100E-05 2.65584147E-05 4.06993806E-04
2.40E-03 4.12512200E-05 4.11533325E-05 -2.37296131E-03
2.60E-03 6.21536600E-05 6.19990312E-05 -2.48784760E-03
2.80E-03 9.09356200E-05 9.08311699E-05 -1.14861638E-03
3.00E-03 1.29561600E-04 1.29379950E-04 -1.40203197E-03
3.20E-03 1.13292300E-04 1.13231911E-04 -5.33034463E-04
3.40E-03 1.00351900E-04 1.00403496E-04 5.14152566E-04
3.60E-03 9.04622400E-05 9.06165804E-05 1.70613070E-03
3.80E-03 8.33530400E-05 8.36055806E-05 3.02977104E-03
4.00E-03 7.87731600E-05 7.91099118E-05 4.27495558E-03
4.20E-03 8.35865900E-05 8.38354097E-05 2.97678973E-03
4.40E-03 9.11455900E-05 9.12921790E-05 1.60829511E-03
4.60E-03 1.01735000E-04 1.01773427E-04 3.77713985E-04
4.80E-03 1.15657800E-04 1.15579024E-04 -6.81110061E-04
5.00E-03 1.33197500E-04 1.33020950E-04 -1.32547455E-03
5.20E-03 1.24404000E-04 1.24127655E-04 -2.22134977E-03
5.40E-03 1.16493200E-04 1.16120975E-04 -3.19525282E-03
5.60E-03 1.09429200E-04 1.08964184E-04 -4.24946861E-03
5.80E-03 1.03173000E-04 1.02621365E-04 -5.34669971E-03
6.00E-03 9.76918200E-05 9.70574704E-05 -6.49337440E-03
6.20E-03 1.41428900E-04 1.41287212E-04 -1.00182933E-03
6.40E-03 2.07937900E-04 2.07809627E-04 -6.16882897E-04
6.60E-03 3.03560900E-04 3.03453104E-04 -3.55104477E-04
6.80E-03 4.36807700E-04 4.36588506E-04 -5.01808113E-04
7.00E-03 6.12227800E-04 6.11870197E-04 -5.84101645E-04
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7.20E-03 9.78664600E-04 9.78420002E-04 -2.49930118E-04
7.40E-03 1.47821100E-03 1.47769636E-03 -3.48152163E-04
7.60E-03 2.15277200E-03 2.15237042E-03 -1.86542489E-04
7.80E-03 3.02791800E-03 3.02745324E-03 -1.53491620E-04
8.00E-03 4.11831000E-03 4.11781346E-03 -1.20570041E-04

As the table demonstrates, the agreement between the analytic model and the code is not as good 
as that exhibited by the results from Cubes 1 and 2. Given the use of cubic splines in the spread-
sheet model, as well as the code, to determine the behavior of the response curve, this was to be 
expected. In addition, there is no point in time during the simulation after which the agreement 
between the spreadsheet model and the code has clearly degraded, as was observed in the results 
from Cubes 1 and 2.
	 The following table gives the results for the internal energy for Cube 4, which had an ini-
tial internal energy of 1.0x10-3, and used the generalized response curve. The code results for the 
internal energy were extracted using GRIZ, which limits the accuracy to 7 significant figures.

Table 104. Internal energies for Cube 4 from testing EOS Form 17
Time Code (GRIZ) EXCEL Integration (EXCEL - GRIZ)/GRIZ

0.00E+00 1.00000000E-03 1.00000000E-03 0.00000000E+00
2.00E-04 1.00080600E-03 1.00081834E-03 1.23329574E-05
4.00E-04 1.00276400E-03 1.00278469E-03 2.06283185E-05
6.00E-04 1.00621400E-03 1.00622451E-03 1.04447516E-05
8.00E-04 1.01262000E-03 1.01262570E-03 5.63098480E-06
1.00E-03 1.02393200E-03 1.02394495E-03 1.26428993E-05
1.20E-03 1.02218700E-03 1.02219930E-03 1.20317291E-05
1.40E-03 1.02085600E-03 1.02086811E-03 1.18657093E-05
1.60E-03 1.01992200E-03 1.01993457E-03 1.23260604E-05
1.80E-03 1.01936700E-03 1.01938017E-03 1.29196705E-05
2.00E-03 1.01917500E-03 1.01918807E-03 1.28277605E-05
2.20E-03 1.02554800E-03 1.02555841E-03 1.01552610E-05
2.40E-03 1.04025100E-03 1.04015333E-03 -9.38884504E-05
2.60E-03 1.06115400E-03 1.06099903E-03 -1.46038029E-04
2.80E-03 1.08993600E-03 1.08983117E-03 -9.61800945E-05
3.00E-03 1.12856200E-03 1.12837995E-03 -1.61311041E-04
3.20E-03 1.11229200E-03 1.11223198E-03 -5.39618477E-05
3.40E-03 1.09935200E-03 1.09940356E-03 4.69035901E-05
3.60E-03 1.08946200E-03 1.08961665E-03 1.41948754E-04
3.80E-03 1.08235300E-03 1.08260565E-03 2.33424766E-04
4.00E-03 1.07777300E-03 1.07810998E-03 3.12662433E-04
4.20E-03 1.08258700E-03 1.08283548E-03 2.29521573E-04
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4.40E-03 1.09014600E-03 1.09029225E-03 1.34153017E-04
4.60E-03 1.10073500E-03 1.10077349E-03 3.49712701E-05
4.80E-03 1.11465800E-03 1.11457909E-03 -7.07915096E-05
5.00E-03 1.13219700E-03 1.13202102E-03 -1.55434546E-04
5.20E-03 1.12340400E-03 1.12312768E-03 -2.45965273E-04
5.40E-03 1.11549300E-03 1.11512100E-03 -3.33483761E-04
5.60E-03 1.10842900E-03 1.10796421E-03 -4.19322777E-04
5.80E-03 1.10217300E-03 1.10162139E-03 -5.00473723E-04
6.00E-03 1.09669200E-03 1.09605750E-03 -5.78560926E-04
6.20E-03 1.14042900E-03 1.14028724E-03 -1.24305147E-04
6.40E-03 1.20693800E-03 1.20680965E-03 -1.06340930E-04
6.60E-03 1.30256100E-03 1.30245313E-03 -8.28133269E-05
6.80E-03 1.43580800E-03 1.43558853E-03 -1.52852765E-04
7.00E-03 1.61122800E-03 1.61087022E-03 -2.22052274E-04
7.20E-03 1.97766500E-03 1.97742003E-03 -1.23868974E-04
7.40E-03 2.47721100E-03 2.47669638E-03 -2.07740048E-04
7.60E-03 3.15177200E-03 3.15137044E-03 -1.27406748E-04
7.80E-03 4.02691800E-03 4.02645327E-03 -1.15406773E-04
8.00E-03 5.11731000E-03 5.11681348E-03 -9.70272232E-05

As the table demonstrates, the agreement between the analytic model and the code is not as good 
as that exhibited by the results from Cubes 1 and 2. Given the use of cubic splines in the spread-
sheet model, as well as the code, to determine the behavior of the response curve, this was to be 
expected. In addition, there is no point in time during the simulation after which the agreement 
between the spreadsheet model and the code has clearly degraded, as was observed in the results 
from Cubes 1 and 2. Finally, the normalized difference between the spreadsheet model and the 
code results is, in the early part of the simulation, generally about an order of magnitude better 
than the results from Cube 3.
	 This last point is made more clear by the following plot, which displays the normalized 
differences for the internal energy from Cubes 3 and 4. Given that the initial value of the internal 
energy in Cube 4 is three orders of magnitude larger than that of Cube 3, it is expected that the 
normalized difference from Cube 4 would be considerably smaller than that of Cube 3 until the 
internal energy developed in Cube 3 becomes on the order of the initial value used for Cube 4, 
which occurs at t ~ 7.4x10-3.
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Figure 55. Normalized differences for internal energy for Cubes 3 and 4

	 This establishes the implementation of Equation-of-State Form 17, a modification of EOS 
Form 11 intended for use only with Material Model 64, in DYNA3D. The equation-of-state is 
performing as expected, in that the pressure in the cubes increases as they are compressed and 
decreases as they are expanded. The behavior of the equation-of-state as a whole has been exam-
ined using both linearized response curves, which may represent an over test of the model but 
demonstrates that good agreement can be achieved between the code and an analytic model, and 
generalized response curves, which are more physically realistic but harder to capture in an ana-
lytic model due to the use of cubic spline fits. Equation-of-State Form 17 is performing as expect-
ed and with good accuracy.
	 Author’s Note: An important issue was revealed in the testing of Equation-of-State Form 
17. The testing of this equation-of-state should have returned results essentially identical to those 
obtained from the testing of EOS Form 11. This was not the case and this testing revealed that some 
variables were not being passed correctly to the relevant subroutines. As of code version 15.2.0 revi-
sion 1.3368, this issue has been corrected.
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Equation-of-State Form 18

	 Equation-of-State Form 18 is an interface to the LEOS database. According to the LEOS 
development team, all of the EOS models in the LEOS database on the open side are based on 
QEOS type calculations and none are based on simple analytic models. Therefore, a comparison 
of the code results to an analytic model is not possible for EOS Form 18. The test will consist of 
a simulation that uses three cubes to return the results from the Al table (eos # 130 in the LEOS 
database), the stainless steel table (eos # 3010) and the water table (eos # 2010).
	 Prior to discussing the calculations using EOS Form 18, a few code issues need to be 
addressed and these are not necessarily readily apparent to the user.  First, in order to eliminate 
issues with the work performed by the bulk viscosity, the two input coefficients for the bulk vis-
cosity on the material card were set to 1.0e-20 in each of the 3 cubes. Failing to do so results in the 
work performed on the cube being dominated by contributions from the bulk viscosity. Finally, 
the code version used for this test was version 15.2.0 revision 1.3368.
	 Due to the use of metallic equations-of-state, the displacements used in this simulation 
were reduced dramatically from previous tests. The cubes are compressed slightly and then put 
into tension for the second half of the simulation, as shown in the following table.

Table 105. Displacements used for testing EOS Form 18
Time Displacement

0.00E+00 0.0000E+00
1.00E-03 5.0000E-07
2.00E-03 1.0000E-06
3.00E-03 5.0000E-07
4.00E-03 2.3359E-21
5.00E-03 -5.0000E-07
6.00E-03 -1.0000E-06
7.00E-03 -5.0000E-07
8.00E-03 -7.1780E-21

	 The following table lists the pressures from the 3 cubes as a function of time for this simu-
lation. 

Table 106. Pressures returned from testing EOS Form 18
Time Cube 1 Pressure Cube 2 Pressure Cube 3 Pressure

0.00E+00 1.90458855E+03 -3.60091078E+01 2.60127968E+05
1.00E-03 2.21151870E+06 4.79275521E+06 3.55769522E+05
2.00E-03 4.42117656E+06 9.58565901E+06 4.51413383E+05
3.00E-03 2.21151870E+06 4.79275521E+06 3.55769523E+05
4.00E-03 1.90458469E+03 -3.59957748E+01 2.60127969E+05
5.00E-03 -2.20934724E+06 -4.72965609E+06 1.62934310E+05
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6.00E-03 -4.42055511E+06 -9.45915447E+06 6.57428338E+04
7.00E-03 -2.20934724E+06 -4.72965609E+06 1.62934310E+05
8.00E-03 1.90457053E+03 -3.60281525E+01 2.60127970E+05

As the table demonstrates, the cubes are behaving as expected, in that the pressure increases as 
the cubes are compressed and decreases as the cubes are put into tension. Also, the cubes return 
to essentially the initial pressure when the displacement returns to zero. Finally, the pressure in 
the steel cube is larger in compression than the pressure in the Al or water cube due to the higher 
density of steel.
	 This establishes the implementation of Equation-of-State Form 18, an interface to the 
LEOS database of equations-of-state. The equation-of-state is performing as expected, in that the 
pressure in the cubes increases as they are compressed and decreases as they are expanded. Equa-
tion-of-State Form 18 is performing as expected.	
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Appendix A

Equation-of-State Form 2 Testing with w=0

	 The form of the JWL eos is as follows: 

p = A(1-ω/(R1 V)) exp(-R1V) + B(1-ω/(R2 V)) exp(-R2 V) + ωE/V, 

where V is the relative volume and E is the internal energy. Removing the dependence on the 
internal energy (ω=0) also greatly simplifies the eos model and may require future investigation, 
e.g., let the code calculate the internal energy and then import that back into the spreadsheet to 
do the full eos model calculation.
	 A listing of JWL coefficients was investigated online (JWL Equation of State Coefficients 
for High Explosives, Lee, Finger and Collins, 1973) and supplied the coefficients for a typical 
material, except that ω was set 0 to remove the dependence on the internal energy. Note that 
in addition to removing any dependence on the internal energy, setting w = 0 also changes the 
dependence of the first two terms on the relative volume. The input coefficients used were: A = 
8.684, B = 0.18711, R1 = 4.60, and R2 = 1.25. 
	 This simplified test of EOS Form 2 returned excellent results (as demonstrated in the table 
below), with the code and analytic forms agreeing to better than 5 parts in 107 over the range of 
densities tested by this problem.

Table A-1. Simplified test results for EOS Form 2
Time Displacement Volume Analyt Pressure Code Pressure (Code-Analyt)/Analyt

0.00E+00 0.0000E+00 1.00E+00 1.408981E-01 1.4090E-01 -3.842985E-07
1.00E-03 -4.0000E-01 6.00E-01 6.380102E-01 6.3801E-01 -3.466793E-08
2.00E-03 -2.0000E-01 8.00E-01 2.878702E-01 2.8787E-01 -1.240375E-07
3.00E-03 -3.0000E-01 7.00E-01 4.249688E-01 4.2497E-01 5.073887E-08
4.00E-03 0.0000E+00 1.00E+00 1.408981E-01 1.4090E-01 -3.842985E-07
5.00E-03 1.5000E-01 1.15E+00 8.822517E-02 8.8225E-02 -7.431108E-08
6.00E-03 1.0000E-01 1.10E+00 1.024137E-01 1.0241E-01 4.337202E-07
7.00E-03 2.5000E-01 1.25E+00 6.685966E-02 6.6860E-02 7.348629E-08
8.00E-03 3.5000E-01 1.35E+00 5.206009E-02 5.2060E-02 4.082513E-08
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This agreement is also demonstrated in the following plot of the pressures as a function of time:  

Note that choosing w = 0 makes this EOS model positive definite in the pressure and does not 
allow for negative pressures under tension.
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Appendix B

Equation-of-State Form 16 has been removed from the code as a result of the creation of this test 
suite and the subsequent analysis performed. The results of the testing and analysis performed on 
EOS Form 16 are included here for completeness.

Equation-of-State Form 16

	 The next model to be tested was Equation-of-State Form 16, a modification of EOS Form 
2 intended for use with Material Model 68. This equation-of-state is a JWL expression often used 
for high-explosive detonation products. This EOS has the following form:

p = A(1 - ω/(R1 V)) exp(-R1V) + B(1 - ω/(R2 V)) exp(-R2 V) + ωE/V

where p is the pressure, V is the relative volume and E is the specific internal energy. A, B, w, R1 
and R2 are material dependent coefficients. 
	 Equation-of-State Form 16 was tested using 4 cubes, one for each of the ‘terms’ and one 
for the full equation-of-state model. However, unlike Equation-of-State Form 1 which separat-
ed into terms easily, the manner in which each term of EOS Form 16 depends on w prevents 
this equation-of-state model from being cleanly separated, unless w is set to 0, in which case the 
dependence of the first two terms on the relative volume is modified. Therefore, the decision was 
made to test terms 1 and 3 with the first cube, terms 2 and 3 with the second cube and term 3 
alone with the third cube. The full equation-of-state was tested using the fourth cube. The 4 cubes 
use the same compression and expansion as that used for the testing of EOS Form 1.
	 As it turns out, for the material coefficients chosen for this test of EOS Form 16, the con-
tribution to the pressure from term 3 is orders of magnitude smaller than the contributions from 
terms 1 and 2, validating this testing choice. In addition, tests of EOS Form 2 (similar to EOS 
Form 16) with w set to zero have already been conducted and discussed elsewhere3.  
	 Prior to discussing the calculations using EOS Form 16, a few code issues need to be 
addressed and these are not necessarily readily apparent to the user.  First, in order for the terms 
dependent on the internal energy to perform as expected, it is required to have an initial energy 
present in the simulation, so the initial internal energy was set to a value of 1.0e-3 in all of the 
cubes. In addition, in order to eliminate issues with the work performed by the bulk viscosity, the 
two input coefficients for the bulk viscosity on the material card were set to 1.0e-20 in each of the 
4 cubes. Failing to do so results in the work performed on the cube being dominated by contribu-
tions from the bulk viscosity. Finally, the code version used for this test was version 15.2.0 revi-
sion 1.3364.
	 Input coefficients for Equation-of-State Form 16 for a representative were taken from a 
1973 paper by Lee, et. al.4. The following table gives the value of the input coefficients for each of 
the four cubes used in the test suite.

Table B-1. Input coefficients for the testing of EOS Form 16
Cube A B R1 R2 w

1 8.684 0 4.6 1.25 0.25
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2 0 1.8711e-1 4.6 1.25 0.25
3 0 0 4.6 1.25 0.25
4 8.684 1.8711e-1 4.6 1.25 0.25

Note that the R1 and R2 coefficients were set for each cube to avoid divide by zero problems in the 
code. 
	 The following plot displays the pressure from each of the three individual terms tested for 
EOS Form 16, as returned by the code, as a function of time for this simulation.

Figure B-1. Code pressure for the three terms as a function of time

As the plot demonstrates, the pressures returned by the first two terms differ by approximately a 
factor of two, while the contribution of the third term is orders of magnitude smaller. A log plot 
makes the difference between these terms more easily understood:
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Figure B-2. Code pressure for the three terms as a function of time 

It is clear from this version of the plot that the contributions to the pressure from the first two 
terms (as tested) are approximately two orders of magnitude larger than the contribution from 
the third term.
	 The following observations may be made from the code output. In all of the cubes, the 
pressure increases as the cube is compressed and decreases as the cube is expanded, as expected. 
As asserted earlier, the pressure from Cube 3 (Term 3 only) is about 2 orders of magnitude small-
er than the pressures resulting from Cubes 1 (Terms 1 and 3) and 2 (Terms 2 and 3). Finally, note 
that with this choice of input coefficients, the pressure appears to be positive definite.
	 Using the normalized difference defined by equation 1, the agreement between the pres-
sures for the second ‘term’ as calculated using the reference expression and the results returned by 
the code is demonstrated in the following table as a function of time.

Table B-2. Reference and Code Pressures for the second term of EOS Form 16
Time Reference Pressure Code Pressure (Reference - Code)/Code

0.00E+00 0.0000000E+00 0.0000000E+00 0.00000000E+00
1.00E-03 4.3784672E-02 4.3784672E-02 1.31820115E-09
2.00E-03 4.4435504E-02 4.4435504E-02 -1.01792817E-09
3.00E-03 4.3784672E-02 4.3784672E-02 1.31818515E-09
4.00E-03 4.3136330E-02 4.3136330E-02 -1.06081293E-10
5.00E-03 4.2490632E-02 4.2490632E-02 2.11502961E-10
6.00E-03 4.1847728E-02 4.1847728E-02 -1.15369312E-11
7.00E-03 4.2490632E-02 4.2490632E-02 2.11531213E-10
8.00E-03 4.3136330E-02 4.3136330E-02 -1.06025636E-10

As the table clearly demonstrates, the code pressures are in excellent agreement with the refer-
ence results, with the level of agreement being better than 2 parts in 109. This level of agreement is 
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typical of the three individual terms tested in this simulation. Note that, unlike the results of the 
testing of EOS Form 2, the initial pressure in this testing is zero due to the use of an HE material 
model.
	 Now that the behavior of each of the individual terms in the expression for Equation-of-
State Form 16 has been examined, the behavior of the full expression for this EOS can be investi-
gated. The following plot displays the pressure as a function of time for EOS Form 16.

Figure B-3. Code Pressure for EOS Form 16 as a function of time

Note that the pressure is behaving as one would expect, as the pressure increases when the cube is 
compressed, decreases as the cube is expanded and then returns to the initial pressure as the cube 
is relaxed back to its original configuration. Note also that with the present choice of input coeffi-
cients, the pressure returned by EOS Form 16 is positive definite.
	 The following table compares the reference pressure to the code results as a function of 
time.

Table B-3. Reference and Code Pressures for Equation-of-State Form 16
Time Reference Pressure Code Pressure (Reference - Code)/Code

0.00E+00 0.000000000E+00 0.00000000E+00 0.0000000E+00
1.00E-03 1.311924892E-01 1.31192489E-01 -6.4708255E-10
2.00E-03 1.369396360E-01 1.36939636E-01 -9.0623046E-10
3.00E-03 1.311924892E-01 1.31192489E-01 -6.4704426E-10
4.00E-03 1.256824421E-01 1.25682442E-01 5.8312519E-11
5.00E-03 1.204011320E-01 1.20401132E-01 1.3140666E-11
6.00E-03 1.153403825E-01 1.15340382E-01 8.9323278E-10
7.00E-03 1.204011320E-01 1.20401132E-01 1.3082458E-11
8.00E-03 1.256824421E-01 1.25682442E-01 5.8344319E-11

As the table clearly demonstrates, the code predictions are again in excellent agreement with the 
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reference results, with the level of agreement being better than 9 parts in 1010. Note that, unlike 
the results of the testing of EOS Form 2, the initial pressure in this testing is zero due to the use of 
an HE material model. These results establish confidence in the pressures returned by the imple-
mentation of Equation-of-State Form 2 in DYNA3D.
 	 The code results for the internal energy can also be investigated for this equation-of-state. 
Unfortunately, due to the form of this EOS (w present in each term and E only in the third term), 
a simple closed form solution can only be generated for the third term, using the assumption that 
A=B=0. Making such an assumption leads to the following expression for the internal energy due 
to the third term:

E = exp(-wlnV + lnE0)

where V is the final volume of the cube and E0 is the initial internal energy. This solution takes 
advantage of the fact that the initial volume of the cube is 1 cm3. 
	 The predictions of this closed form solution for the internal energy due to the third term 
can be compared to the code results as extracted using GRIZ, which again limits the comparison 
to 7 significant figures. This is done in the following table.

Table B-4. Exact and Code Internal Energies for the third term in EOS Form 16
Time Code (GRIZ) Closed Form (Closed - GRIZ)/GRIZ

0.00E+00 1.00000000E-03 1.0000000E-03 0.000000E+00
1.00E-03 1.00301100E-03 1.0030105E-03 -4.599701E-07
2.00E-03 1.00604200E-03 1.0060423E-03 3.084640E-07
3.00E-03 1.00301100E-03 1.0030105E-03 -4.599701E-07
4.00E-03 1.00000000E-03 1.0000000E-03 2.168404E-16
5.00E-03 9.97010500E-04 9.9701046E-04 -3.847118E-08
6.00E-03 9.94041700E-04 9.9404169E-04 -5.741633E-09
7.00E-03 9.97010500E-04 9.9701046E-04 -3.847118E-08
8.00E-03 1.00000000E-03 1.0000000E-03 2.168404E-16

As expected, the agreement between the closed form solution for the third term and the code 
results is at the level of ~ 4 parts in 107, which is limited by the number of significant figures in the 
output provided by GRIZ.
	 Finally, the internal energy returned by the code for Equation-of-State Form 16 can be 
compared to a numerical integration performed using EXCEL (Reference Energy) to determine 
the sensitivity of this result to differences in the numerical integration scheme. This is done in the 
following table.

Table B-5. Reference and Code Internal Energies for EOS Form 16
Time Code (GRIZ) Reference Energy (Reference - GRIZ)/GRIZ

0.00E+00 1.00000000E-03 1.00000000E-03 0.000000E+00
1.00E-03 2.53481600E-03 2.53481682E-03 3.223784E-07
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2.00E-03 4.12407900E-03 4.12407982E-03 1.981169E-07
3.00E-03 2.53481600E-03 2.53481692E-03 3.631048E-07
4.00E-03 9.99999500E-04 1.00000041E-03 9.068224E-07
5.00E-03 -4.82148000E-04 -4.82147431E-04 -1.180607E-06
6.00E-03 -1.91336300E-03 -1.91336271E-03 -1.528894E-07
7.00E-03 -4.82148000E-04 -4.82147522E-04 -9.913354E-07
8.00E-03 9.99999500E-04 9.99999629E-04 1.293263E-07

The agreement between these two numerical integration schemes is better than 1 parts in 106, 
which is about what would be expected, given the limitations of the GRIZ output. 
	 This establishes the implementation of Equation-of-State Form 16 in DYNA3D. The 
equation-of-state is performing as expected, in that the pressure in the cubes increases as they are 
compressed and decreases as they are expanded. The behavior of each of the terms in the equa-
tion-of-state has been examined and found to be performing as expected and with good accuracy. 
The behavior of the equation-of-state as a whole has been examined and is performing as expect-
ed and with good accuracy.
	 Note that as a result of the creation of this test suite, and the subsequent analysis of the 
EOS models, Equation-of-State Form 16 has been removed from the code.
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